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Abstract
We study W-algebras obtained by quantum Hamiltonian reduction of sl(Mn)
associated to the sl(2) embedding of rectangular type. The algebra can be realized
as the asymptotic symmetry of higher spin gravity with M × M matrix valued
fields. In our previous work, we examined the basic properties of the W-algebra
and claimed that the algebra can be realized as the symmetry of Grassmannian-
like coset even with finite central charge based on a proposal of holography. In
this paper, we extend the analysis in the following ways. Firstly, we compute the
operator product expansions among low spin generators removing the restriction of
n = 2. Secondly, we investigate the degenerate representations in several ways, and
see the relations to the coset spectrum and the conical defect geometry of the higher
spin gravity. For these analyses, we mainly set M = n = 2. Finally, we extend the
previous analysis by introducing N = 2 supersymmetry.
∗E-mail: creutzig@ualberta.ca
†E-mail: yhikida@yukawa.kyoto-u.ac.jp
Contents
1 Introduction 2
2 Rectangular W-algebra 4
2.1 Central charge and level of the affine symmetry . . . . . . . . . . . . . . . 5
2.2 OPEs among low spin currents . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2.1 Composite primary operators . . . . . . . . . . . . . . . . . . . . . 6
2.2.2 Associativity of OPE . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3 Dual coset CFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
3 Degenerate representations 11
3.1 Null states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.1.1 Null states at level 1 . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.1.2 Null states at level 2 . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.2 Hamiltonian reduction of sl(4) . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.3 Spectrum of the dual coset . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.4 Conical defect geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
4 N = 2 rectangular W-algebra 21
4.1 Central charge and levels of the affine symmetries . . . . . . . . . . . . . . 22
4.2 OPEs among generators . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.2.1 Composite primary operators . . . . . . . . . . . . . . . . . . . . . 24
4.2.2 Associativity of OPE . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.3 Degenerate representations . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
4.4 Dual coset CFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
4.4.1 Symmetry generators . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.4.2 Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.4.3 Decompositions of the symmetry algebra . . . . . . . . . . . . . . . 33
5 Conclusion and discussions 34
A Commutation relations 36
B OPEs and null vectors 37
C Technical details on the N = 2 W-algebra 38
C.1 Invariant tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
C.2 OPEs involving chiral primaries . . . . . . . . . . . . . . . . . . . . . . . . 39
D Alternative proposals of dual coset CFTs 40
D.1 Rectangular W-algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
D.2 N = 2 rectangular W-algebras . . . . . . . . . . . . . . . . . . . . . . . . . 42
1
1 Introduction
Three dimensional gravity on anti-de Sitter (AdS) space is an attractive arena to inves-
tigate the quantum aspects of gravity because of its tractability. In particular, there are
infinite dimensional symmetries near the AdS boundary [1], and the quantum gravity ef-
fects should be constrained by these symmetries. In our previous work [2], we investigated
the rectangular W-algebra with su(M) symmetry as the asymptotic symmetry of higher
spin gravity with M ×M matrix valued fields constructed in [3]. The matrix extension
is expected to be useful to see stringy effects from the viewpoints of higher spin gravity,
see, e.g., [4] for recent arguments. In [5], its was proposed that the matrix extension of
classical higher spin gravity is dual to the coset
su(N +M)k
su(N)k ⊕ u(1)κ (1.1)
with κ = kNM(N +M) at a large N limit.1 For M = 1, the proposal reduces to the
Gaberdiel-Gopakumar duality [9]. Based on the holography of [5], we claimed that the
rectangular W-algebra can be realized as the symmetry algebra of (1.1) even without
taking a large N limit. In this paper, we continue the study of the rectangular W-algebra
by extending the analysis of operator product expansions (OPEs) among generators and
examining its degenerate representations. We further examine the N = 2 supersymmetric
extensions of rectangular W-algebras.
It is known that pure AdS gravity in three dimensions can be described by sl(2)⊕sl(2)
Chern-Simons gauge theory [10, 11], and a higher spin gravity can be constructed by
replacing sl(2) by a higher rank gauge algebra, say, sl(n). In order to realize a matrix
extension, we may consider gage algebra with the multiplication ofM×M matrix algebra
or gl(M). A closed algebra including gl(M)⊗ sl(n) is given by (see, e.g., [12, 5, 13])
sl(Mn) ≃ sl(M)⊗ 1n ⊕ 1M ⊗ sl(n)⊕ sl(M)⊗ sl(n) , (1.2)
and the gravitational sector is identified with the principally embedded sl(2) in 1M⊗sl(n).
The asymptotic symmetry is obtained as in [14, 15] by assigning the asymptotic AdS
condition, and it is identified as a W-algebra given by the Hamiltonian reduction of
sl(Mn) with the corresponding sl(2) embedding. In particular, the W-algebra includes
the Virasoro algebra and su(M) affine algebra as subalgebras. In [2], we computed the
exact expressions of the central charge c and the level ℓ of su(M) currents. We further
obtained the OPEs among generators for n = 2 by requiring their associativity. We
claimed that the rectangular W-algebra with su(M)k symmetry is realized by the coset
(1.1) at λ = n. Here the ’t Hooft parameter λ is defined by
λ =
k
k +N
or λ = − k
k +N +M
, (1.3)
which can be exchanged by the duality of cosets [2]. We have checked that the OPEs
among generators are reproduced from the coset at λ = 2.
1See [6, 7, 8] for related works on the holography with “stringy” cosets.
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In this paper, we extend the analysis in the following ways. We first re-examine the
OPEs of low spin generators by working with generic n. In our previous analysis, we
assumed the decoupling of spin 3 currents at n = 2 and obtained OPEs among generators
up to spin 2. Here we remove the assumption and examine the OPEs between spin 2 and
3 currents as well. Since the computations become rather complicated, we set M = 2
for simplicity. We then analyze the degenerate representations of the rectangular W-
algebra in several ways mainly working with M = n = 2. As a direct way, we study the
conditions for null vectors at the low levels of descendants. We find several examples of
them by assuming a certain form of null vectors. We further obtain representations from
those of sl(Mn) current algebra by applying the Hamiltonian reduction. We compare the
results with the spectrum of the coset (1.1) and the mass of conical defect geometry in
the Chern-Simons theory obtained in [16], see also [17, 18, 19].
We further extend the analysis by considering the N = 2 supersymmetric rectangular
W-algebras. It is important to introduce extended supersymmetry in order to see the
relation to superstring theory [20, 12, 5, 21, 22]. The N = 2 W-algebra may be realized
as the asymptotic symmetry of N = 2 higher spin supergravity with M × M matrix
valued fields in [3]. We construct the N = 2 W-algebra by the Hamiltonian reduction of
sl(M(n + 1)|Mn). The N = 2 W-algebra includes the Virasoro algebra and two su(M)
affine algebras as subalgebras. We compute the central charge c and the levels ℓ1, ℓ2 of
two su(M) currents without taking a large c limit. We also obtain the OPEs among low
spin generators for simple examples with n = 1 and M = 2, 3, 4. Based on the holography
of [5], we claim that the N = 2 W-algebra is realized as the symmetry of the coset
su(N +M)k ⊕ so(2NM)1
su(N)k+M ⊕ u(1)κˆ (1.4)
with κˆ = NM(N +M)(N +M + k) even at finite c. From the match of central charges
and the levels of su(M) currents, we set
ℓ1 = k , ℓ2 = N , λ ≡ N
k +N +M
= −n , (1.5)
or
ℓ1 = N , ℓ2 = k , λ ≡ k
k +N +M
= −n . (1.6)
We check that the OPEs among generators can be reproduced from the coset (1.4) for
several examples.2
This paper is organized as follows. In the next section, we start by reviewing the
results of [2]. We explain the derivations of the central charge and the level of su(M)
currents. We then compute the OPEs among generators but now with generic n 6= 2 but
with M = 2. We compare these results with those of the dual coset (1.1). In section
2It is known that the coset (1.4) with M = 2 has the large N = 4 superconformal symmetry, and
a holography with the coset has been proposed in [12]. In the special case with M = 2, the symmetry
generators of the coset for low spins were explicitly constructed in [23, 24], and the OPEs among generators
of the N = 4 W-algebra were investigated in [25].
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3, we examine the degenerate representations from the null vector conditions and the
Hamiltonian reduction of sl(4). We then compare the results with the spectrum of dual
coset (1.1) and the mass of conical defect geometry of higher spin gravity. In section
4, we examine the N = 2 rectangular W-algebra. We first derive the expressions of
central charge and the levels of two su(M) currents. We then compute the OPEs among
generators of spin up to 2 for small M and examine degenerate representations. We
compare these results with those of dual coset (1.4). Section 5 is devoted to conclusion
and discussions. Several technical appendices follows; In appendix A, we write down the
commutation relations for the bosonic W-algebra with M = n = 2. In appendix B, the
degenerate representations of the bosonic W-algebra are re-examined by making use of
associativity of the OPEs. In appendix C, we collect several technical materials used
for the analysis of the N = 2 W-algebra. In appendix D, we propose alternative coset
realizations of the rectangular W-(super)algebras.
2 Rectangular W-algebra
As mentioned in the introduction, a higher spin gravity can be constructed by the Chern-
Simons gauge theory based on a higher rank algebra g with an embedding of gravitational
sl(2). Without the matrix extension, a holography was proposed in [9] using the 3d
Prokushkin-Vasiliev theory of [3]. The gauge algebra of the 3d higher spin theory is given
by hs[λ], which can be truncated to sl(n) at λ = n. Similarly, the gauge algebra of higher
spin theory with the matrix extension is given by hsM [λ], which can be reduced to sl(Mn)
at λ = n. Decomposing sl(Mn) as in (1.2), we principally embed the gravitational sl(2)
in 1M ⊗ sl(n). The gauge algebra can be decomposed by the sl(2) as
sl(Mn) ≃ sl(M)⊕M2g(2) ⊕ · · · ⊕M2g(n) , (2.1)
where g(s) denotes the spin s−1 representation of sl(2). After the Hamiltonian reduction,
only one element in g(s) (s = 2, 3, . . . , n) survives and the space-time spin of the element
become s. Thus, the W-algebra includes sl(M) (or su(M)) spin 1 currents3 andM2 spin s
currents with s = 2, 3, . . . , n. In particular, one of spin 2 currents is the energy-momentum
tensor.
In this section, we explain the basic properties of rectangular W-algebras by reviewing
the results of [2]. In the next subsection, we compute the central charge c and the level
ℓ of the su(M) currents by applying the general formula, e.g., in [26]. In subsection 2.2,
we obtain the OPEs among generators by requiring their associativity. Here we do not
assume the decoupling of spin 3 currents but work with M = 2 just for simplicity. In
subsection 2.3, we examine the relations to dual coset of (1.1).
3We consider the complex elements of sl(Mn), and thus there is no distinction between sl(M) and
su(M).
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2.1 Central charge and level of the affine symmetry
In [2], we computed the central charge c and the level ℓ of sl(M) current as basic infor-
mation on the W-algebra with sl(M) symmetry. Here we repeat the analysis mainly for
the preparation of supersymmetric extension. We start with a Lie (super)algebra g and
set the level of the affine currents as t. We also specify an embedding of sl(2). We may
denote the generators of sl(2) by x, e, f satisfying
[x, e] = e , [x, f ] = −f , [e, f ] = x . (2.2)
The Lie (super)algebra can be decomposed by the eigenvalue of the adjoint action adx as
g = ⊕j∈ 1
2
Z
gj . (2.3)
Denoting S+ =
∏
j>0 Sj with a basis {uα}α∈Sj for gj, the formula of central charge can
be given as [26]
c =
t sdim g
t + h∨
− 12t(x|x)−
∑
α∈S+
(−1)p(α)(12m2α − 12mα + 2)−
1
2
sdim g1/2 . (2.4)
Here (x|x) is a bilinear form and h∨ represents the dual Coxeter number. The parity of
uα is denoted by p(α). The Hamiltonian reduction is realized as a BRST cohomology at
the quantum level and the conformal dimensions of BRST ghosts are (mα, 1−mα) with
mα = 1− j.
For the present case, we set g = sl(Mn), where the dimension isM2n2−1 and the dual
Coxeter number is h∨ = Mn. With x for the principally embedded sl(2) in 1M ⊗ sl(n),
we find
(x|x) = tr(xx) = tr1M · 1
12
n(n2 − 1) = 1
12
Mn(n2 − 1) . (2.5)
We next count the number of elements belonging to Sj , which is found to be M
2(n− j)
for j = 1, 2, . . . , n−1 and zero otherwise. From the formula (2.4), the total central charge
is obtained as
c =
t(n2M2 − 1)
t+ nM
− tMn(n2 − 1)−M2n(1 + (−2 + n)n2) . (2.6)
We compute the level ℓ of sl(M) currents as well. The currents basically come from
the elements in sl(M)⊗1n, which leads to the level tn. There are also contributions from
the BRST ghosts. The ghosts behave in the trivial and adjoint representations of sl(M),
and there are 2
∑n−1
j=1 (n−j) = n(n−1) sets of ghosts in the adjoint representation. We can
construct sl(M) currents with levelM from one set of ghosts in the adjoint representation.
Therefore, the sum of two types of contributions to the level is
ℓ = tn +Mn(n− 1) . (2.7)
We have a relation between c and ℓ as
c = −(ℓ
2 − 1)n2M
ℓ+ nM
+ ℓM − 1 (2.8)
by removing t.
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2.2 OPEs among low spin currents
We can examine the possible OPEs among generators of algebra by requiring their asso-
ciativity.4 In [2], the OPEs among generators of the rectangular W-algebra were obtained
at n = 2 by assuming the decoupling of spin 3 currents. Here we lift the analysis to
generic n.
As seen above, the rectangular W-algebra includes su(M) affine algebra as a sub-
algebra. We denote the currents as Ja with a = 1, 2, . . . ,M2 − 1 and require the OPEs
Ja(z)J b(0) ∼ ℓδ
ab
z2
+
ifabcJ
c(0)
z
(2.9)
with the level ℓ. Here we have introduced the generators ta of su(M) with the invariant
tensors
tr(tatb) = δab , tr([ta, tb]tc) = ifabc , tr({ta, tb}tc) = dabc . (2.10)
The algebra also includes higher spin currentsW (s)A (s = 2, 3, . . .), whereW (s)0 andW (s)a
are in the trivial and adjoint representations of su(M). In particular, T ≡ W (2)0 is the
energy-momentum tensor satisfying
T (z)T (0) ∼ c/2
z4
+
2T (0)
z2
+
T ′(0)
z
, T (z)Ja(0) ∼ J
a(0)
z2
+
Ja′(0)
z
(2.11)
with the central charge c. Here A′(0) means d
dz
A(z) at z = 0. We choose the primary
basis for the charged higher spin currents Qa ≡W (2)a and P a ≡W (3)a such as to satisfy
T (z)Qa(0) ∼ 2Q
a(0)
z2
+
Qa′(0)
z
, Ja(z)Qb(0) ∼ if
ab
cQ
c(0)
z
,
T (z)P a(0) ∼ 3P
a(0)
z2
+
P a′(0)
z
, Ja(z)P b(0) ∼ if
ab
cP
c(0)
z
.
(2.12)
The first non-trivial OPE would be among Qa and Qb, which will be expressed schemati-
cally as Qa ×Qb.
2.2.1 Composite primary operators
The operator product W (s1)A1 ×W (s2)A2 produces (composite) operators up to spin s1 +
s2 − 1. For the OPE of Qa ×Qb, we need (composite) operators with spin 1,2,3, though
we can see that W (3)0 does not appear due to the bosonic statistic of Qa. We restrict the
form of Qa ×Qb by requiring the associativity of Qa ×Qb ×Qc, but for this we also need
to think about the OPEs of Qa and P b. The operator product Qa × P b would generate
composite primary operators of spin up to 4, so we start by classifying them.
We may count the number of primary operators by decomposing the vacuum character
of the rectangular W-algebra by the Virasoro characters, see, e.g., [28]. The vacuum
4For the checks of associativity of OPEs, we use a Mathematica package “OPEdefs” [27].
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character of the rectangular W-algebra is
χM∞(q) =
∞∏
n=1
1
(1− qn)M2−1
∞∏
s=2
∞∏
n=s
1
(1− qn)M2 , (2.13)
while the Virasoro characters of the vacuum representation and the generic one with
conformal weight h are
χ0(q) =
∞∏
n=2
1
1− qn , χh(q) =
qh
1− qχ0(q) . (2.14)
The decomposition is given by
χM∞(q) = χ0(q) +
∞∑
h=1
d(h)χh(q) , (2.15)
where d(h) represents the number of independent (composite) primaries with conformal
weight h. Expanding in q, we find
d(1) =M2 − 1 , d(2) = 1
2
(
M4 +M2 − 2) , d(3) = 1
6
(
M6 + 9M4 − 16M2 + 12) ,
d(4) =
1
24
(
M8 + 22M6 + 23M4 − 46M2 + 24) (2.16)
and so on.
We can construct composite operators primary w.r.t. the Virasoro generator along with
the fundamental currents Ja,W (s)A with s = 2, 3, . . .. In order to define the composite
operators, we adopt the prescription of normal ordering as
(AB)(z) =
1
2πi
∮
dw
w − zA(w)B(z) (2.17)
and
(A1 · · ·Al−2Al−1Al) = (A1 · · · (Al−2(Al−1Al)) · · · ) . (2.18)
Moreover, we use the brackets (a1, . . . , al) and [a1, . . . , al] for the symmetric and anti-
symmetric indices with pre-factor 1/(l!), respectively. We find the composite operators
[J (aJ b)] = (J (aJ b))− 2ℓ
c
δabT (2.19)
for spin 2 and
[J (a)J bJc)] = (J (a)J bJc)) +
3ℓ
c+ 2
[
δ(abJc)′′ − 2(TJ (a)δbc)] ,
[JaQb] = (JaQb)− i
4
fabcQ
c′ ,
[J [aJ b]′] = (J [aJ b]′)− i
3
fabc
[
c + 5
c + 2
Jc′′ − 6
c+ 2
(TJc)
]
(2.20)
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for spin 3. For general composite operators, we use the abbreviated notation
[A1 · · ·Al] = (A1 · · ·Al) + · · · , (2.21)
where the dots represent terms which make the operators to be primary w.r.t. the Virasoro
algebra.5 With the notation, the composite spin 4 primary operators are
[J (aJ bJcJd)] , [J (aJ b)Qc] , [J (aJ b)′′] , [JaQb′] ,
[Q(aQb)] , (JaW (3)0) , [JaP b]
(2.22)
and
[
J (aJ b)Jc′
]
=
1
4
{(JaJ bJc′) + (J bJaJc′)− (JcJ bJa′)− (JcJaJ b′)}+ · · · . (2.23)
We can check that the number of primary operators matches with d(h) in (2.16) up to
h = 4. Notice that the number of independent components of [J (aJ b)Jc′] is L(L2 − 1)/3
with L = M2 − 1.
2.2.2 Associativity of OPE
We expand the operator product Qa × Qb in terms of the fundamental and composite
operators with some indices. The coefficients in front of the operators can be expressed
with the invariant tensors of su(M). Here we restrict ourselves to the case with M = 2,
but it is straightforward (but tedious) to work with generic M . There is only one tensor
with 2 indices, that is δab. With 3 indices, there are fabc and dabc introduced in (2.10).
For M = 2, we have dabc = 0, and the other invariant tensors can be written in terms of
δab and fabc. With 4 indices, there are
dabcd4AA1 =
1
2
(δacδbd − δadδbc) , dabcd4SS1 = δabδcd , d4SS2 =
1
2
(δacδbd + δadδbc) . (2.24)
Furthermore, we need
dabcde5AS1 = if
ab(cδde) , dabcde5AH1 =
i
4
(2fabeδcd − fabcδed − fabdδec) ,
dabcde5SH =
i
4
(δacf bde + δbcfade + δadf bce + δbdface)
(2.25)
for those with 5 indices and
dabcdef6SS1 = δ
abδc(dδef) , dabcdef6SS2 =
1
6
dabcd4SS2δ
ef + · · · (2.26)
for those with 6 indices. Here the dots above are the terms which make the expression
symmetric under the exchange of {c, d, e, f}.
5The primary condition does not fix the additional terms uniquely. However, we do not write down
our specific choices here, since they are not so important for our arguments.
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With the above preparations, we require the following forms of the OPEs involving
Qa and P a. The OPE of Qa ×Qb is schematically of the form
Qa ×Qb ∼ δabc1/2 · 1+ ifabcc2Jc + Cab3,cd[J (cJd)] + dab4AA1,cdc4[J [cJd]′]
+ dab5AS1,cdec5[J
(cJdJe)] + dab4AA1,cdc6[J
cQd] + ifabcc7P
c .
(2.27)
There are also contributions from descendants, which can be related to those from the
primaries utilizing the Virasoro symmetry or requiring the associativity of T ×Qa ×Qb.
Here and in the following, we use small letters like ci for constants without indices and
capital ones like Ci for coefficients with indices. In the current example, we set
Cab3,cd = d
ab
4SS1,cdc31 + d
ab
4SS2,cdc32 . (2.28)
Requiring the associativity of Ja × Qb ×Qc, almost all coefficients are fixed as functions
of c and ℓ up to 2 parameters. One of them may be chosen as c1, which can be absorbed
by changing the overall normalization of Qa. We choose the other parameter as c7, which
is undetermined at this stage.
The OPE of Qa × P b is of the form
Qa × P b ∼ ifabce1Jc + Eab2,cd[J (cJd)] + ifabce3Qc + dab5AS,cdee4[J (cJdJe)] + Eab5,cd[JcQd]
+ dab4AA,cde6[J
[cJd]′] + δabe7W
(3)0 + ifabce8P
c + Eab9,cdef [J
(cJdJeJf)] (2.29)
+ Eab10,cde[J
(cJd)Je′] + Eab11,cd[J
(cJd)′′] + Eab12,cde[J
(cJd)Qe] + Eab13,cd[J
cQd′]
+ Eab14,cd[Q
(cQd)] + ifabce15(J
cW (3)0) + Eab16,cd[J
cP d] + δabe17W
(4)0 + ifabce18W
(4)c .
The coefficients with capital letters as Ei are expressed by the invariant tensors in (2.24),
(2.25) and (2.26) as in (2.28). This OPE is used only to restrict the form of Qa × Qb
from the associativity of Qa × Qb × Qc. For this, we do not need the information of
e7, e15, E16, e17, e18, which will be neglected in the following. Requiring the associativity
of Ja × Qb × P c, the other coefficients are determined as functions of c and ℓ up to 3
parameters including c1, c7. One remaining parameter may be chosen as e3, which can be
absorbed by changing the overall normalization of P a.
The associativity of Qa ×Qb ×Qc leads to a constraint equation for these parameters
as
e3c7ℓ
(
3ℓ2 + ℓ− 4) (cℓ+ 2c− 3ℓ) = c1(ℓ− 2)(ℓ+ 1) (cℓ+ 4c+ 6ℓ2 − 7ℓ− 4) . (2.30)
Since c1 and e3 can be removed by the redefinitions of Q
a and P a, we conclude that the
OPEs of generators of spin up to 2 have only two parameters c and ℓ. The decoupling of
spin 3 currents P a can be realized with c7 = 0, which leads to
c = −8(ℓ
2 − 1)
ℓ+ 4
+ 2ℓ− 1 (2.31)
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as in (2.8) with M = n = 2. In terms of mode expansions, the commutation relations
among generators with M = n = 2 are summarized in appendix A.
From the above analysis, we may conjecture that there is a W-algebra with su(M)
symmetry parametrized by c and ℓ. Based on the relation in (2.8) with M = 2, we may
map a parameter c to λ by
c = −2(ℓ
2 − 1)λ2
ℓ+ 2λ
+ 2ℓ− 1 . (2.32)
The parameters of the W-algebra are now λ and ℓ, and the W-algebra from sl(2n) is
expected to be realized at λ = n. Except for ℓ = ±1,−2λ, the constraint equation (2.30)
reduces to
e3c7ℓ
(
3ℓ2 + ℓ− 4) (λ− 1)((ℓ+ 2)λ+ ℓ)
= c1(ℓ− 2)(ℓ+ 1)(λ− 2)(ℓ(λ+ 2) + 4λ) .
(2.33)
This is a second order equation with respect to λ. Suppose that λ = λ0 is a solution to
(2.33), then we can show that
λ = − ℓλ0
ℓ + 2λ0
(2.34)
is also a solution. As seen shortly, this is consistent with the duality relation discussed in
[2].
2.3 Dual coset CFT
In [5], it was proposed that the classical 3d Prokushkin-Vasiliev theory of [3] with M ×M
matrix valued fields is dual to the Grassmannian-like coset (1.1) at a large N limit. We
have checked the matches of spectrum and low spin symmetry at the limit. In [2], we
conjectured that the holographic duality works even with finite N and claimed that the
rectangular W-algebra with su(M) symmetry can be realized as the symmetry algebra of
the coset (1.1).6 The correspondence happens at λ = n, where the ’t Hooft parameter is
defined by (1.3). We should also set ℓ = k, where ℓ is the level of su(M) current algebra.
The central charge is written as
c = −(k
2 − 1)λ2M
k + λM
+ kM − 1 (2.35)
irrespective of the choice of the ’t Hooft parameter (1.3). Notice that the expression with
λ = n reduces to (2.8). The two choices are related to a duality of the coset (1.1) as
discussed in [2]. In particular, the two ’t Hooft parameters can be exchanged by
λ↔ − λk
k + λM
, (2.36)
6An alternative coset description of the same W-algebra is proposed in appendix D.1 and several
confirmations are given. It is an interesting open problem to examine more direct relations between the
two dual cosets.
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which is consistent with (2.34).
The generators of the rectangular W-algebra have been constructed in terms of the
coset (1.1) in [2] up to spin 3. Here we review the results of [2] in order to prepare for the
supersymmetric extension. We decompose su(N +M) as
su(N +M) = su(N)⊕ su(M)⊕ u(1)⊕ (N, M¯)⊕ (N¯,M) (2.37)
and use the generators tA = (tα, ta, tu(1), t(ρı¯), t(ρ¯i)). Here L and L¯ represents the funda-
mental and anti-fundamental representations of su(L), respectively. We introduce the
metric gAB = tr(tAtB) as
tr(tαtβ) = δαβ , tr(tatb) = δab , tr(tu(1)tu(1)) = 1 , tr(t(ρı¯)t(ρ¯i)) = δρρ¯δ i¯ı (2.38)
and the invariant tensors as
ifABC = tr([tA, tB]tC) , dABC = tr({tA, tB}tc) . (2.39)
We adopt the convention in [21, 2] such that
if (ρı¯)(σ¯j)u(1) =
√
M +N
MN
δ ı¯jδσ¯ρ , d(ρı¯)(σ¯j)u(1) =
M −N√
MN(N +M)
δ ı¯jδσ¯ρ ,
if (ρı¯)(σ¯j)α = d(ρı¯)(σ¯j)α = (tα)σ¯ρδjı¯ , if (ρı¯)(σ¯j)a = −d(ρı¯)(σ¯j)a = −δρσ¯(ta)ı¯j
(2.40)
for non-trivial expressions. With these notations, the su(M) currents JA satisfy
JA(z)JB(0) ∼ kg
AB
z2
+
ifABCJ
C(0)
z
. (2.41)
The spin 1 current is given by Ja from su(N +M)k in the numerator of (1.1). The energy
momentum tensor T can be obtained from the standard coset construction [29]. For the
charged spin 2 currents, we found that
Qa =[(J (ρı¯)J (ρ¯j)) + (J (ρ¯j)J (ρı¯))]δρρ¯(t
a)jı¯
− N
M + 2k
dabc(J
bJc) +
2
k
√
N(N +M)
M
(JaJu(1))
(2.42)
satisfy the OPEs (2.12). In [20], we have explicitly checked the match for the OPE of
Qa × Qb at n = 2. In fact, we have already shown that the associativity uniquely fixes
the OPE of Qa × Qb with two parameters (λ, ℓ) for generic λ 6= 2 but with M = 2. For
the expressions of spin 3 currents, see appendix A of [20].
3 Degenerate representations
In this section, we study the degenerate representations of the rectangular W-algebra in
various ways. We set n = 2 since we know the OPEs of all generators. We furthermore
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restrict ourselves to the M = 2 case just for simplicity. A direct way to obtain degenerate
representations is to find out null states constructed from a set of primaries, which is
the subject of the next subsection. We also study representations from the Hamiltonian
reduction of sl(4) in subsection 3.2. The results are compared with the spectrum of the
coset theory (1.1) in subsection 3.3 and the mass of conical defect geometry in subsection
3.4.
3.1 Null states
We have examined the commutation relations among generators of the W-algebras. Next
task may be to study its representations. With n = 2, the generators of the W-algebras
are Ja, T, Qa, and their mode expansions are
Ja(z) =
∑
n∈Z
Jan
zn+1
, T (z) =
∑
n∈Z
Ln
zn+2
, Qa(z) =
∑
n∈Z
Qan
zn+2
. (3.1)
From the OPEs (2.9), (2.11), and (2.12), the commutation relations among these modes
are obtained as
[Lm, Ln] = (m− n)Lm+n + c
12
(m3 −m)δn+m,0 ,
[Jam, J
b
n] = if
ab
cJ
c
m+n + ℓmδm+n,0 , [Lm, J
a
n ] = −nJam+n ,
[Lm, Q
a
n] = (m− n)Qam+n , [Jam, Qbn] = ifabcQcm+n .
(3.2)
See appendix A for [Qam, Q
a
n]. We look for degenerate representations since they might
be used to construct the minimal models of the W-algebra. For instance, we will observe
that several representations appear also in the spectrum of the coset (1.1) in subsection
3.3.
For the representations of the W-algebra, we start by defining the vacuum state as
Lm|0〉 = 0 (m ≥ −1) , Qan|0〉 (n ≥ −1) , Jal |0〉 (l ≥ 0) . (3.3)
Notice that the vacuum is in the trivial representation of su(2) since Ja0 |0〉 = 0. We
further introduce states primary w.r.t. the rectangular W-algebra by
Lm|j〉J = 0 (m ≥ 1) , Qan|j〉J (n ≥ 1) , Jal |j〉J (l ≥ 1) . (3.4)
We set the primary states such as to be the simultaneous eigenstates of L0 and J
a
0 as
L0|j〉J = h|j〉J , Ja0 |j〉J = −(Da) ij |i〉J , (3.5)
where h is the conformal weight and (Da) ij is the representation matrix for spin J . We
use the convention with j = 1, 2, . . . , 2J + 1 and
J+0 |2J + 1〉 = 0 , J±n = J1n ± iJ2n . (3.6)
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The explicit forms of (Da) lj are
(D1) lj =
1√
2
[√
j(2J + 1− j)δ l−1j +
√
l(2J + 1− l)δ lj−1
]
,
(D2) lj =
1√
2
[
−i
√
j(2J + 1− j)δ l−1j + i
√
l(2J + 1− l)δ lj−1
]
,
(D3) lj =
1√
2
(2J − 2j + 2)δ lj .
(3.7)
In particular, we set (ta) lj = (D
a) lj with J = 1/2.
An important problem here is how to deal with another set of zero modes, i.e., Qa0.
They do not commute with Ja0 as in (3.2), which implies that we cannot use the simulta-
neous eigenstates of Ja0 and Q
a
0. Since Q
a
0 behave as the spin 1 representation of su(2),
the action of Qa0 to |j〉J yields new states with spin J − 1, J, J + 1. For simplicity, here
we require that
Qa0|j〉J = w0(Da) ij |i〉J (3.8)
so that the action of Qa0 does not yield any other representations. As we will see below,
this assumption works nicely for some restricted cases.
3.1.1 Null states at level 1
We would like to find out null states which are both descendant and satisfying the
primary conditions (3.4). We first consider null states appearing at level 1 with spin
J = 0, 1/2, 1, . . .. We use the ansatz
|χaj 〉J = (Qa−1 + e1Ja−1 + ifabce2J b−1Jc0 + e3L−1Ja0 )|j〉J . (3.9)
If the states are indeed null, then we can consistently set |χaj 〉J = 0. In this case, Qa−1 is
given by a linear combination of Ja−1 and L−1J
a
0 .
We first study the case with J = 0, where the states (3.9) become simplified as
|χa1〉0 = (Qa−1 + e1Ja−1)|1〉0 . (3.10)
The non-trivial primary conditions are
L1|χaj 〉J = 0 , Ja1 |χbj〉J = 0 , Qa1|χbj〉J = 0 (3.11)
with j = 1 and J = 0. The first two conditions are satisfied with e1 = 0, and then the
third condition leads to h = 0. With h = 0, the descendant state L−1|j〉0 becomes null.
Setting the null states to vanish as |χa1〉0 = Q−1|1〉0 = 0, the primary state |1〉0 can be
identified with the vacuum satisfying (3.3).
The first non-trivial example would be given with J = 1/2. The null states |χaj 〉1/2 are
in the product of the spin 1 and 1/2 representations, thus we can decompose them into
those in the spin 3/2 and 1/2 representations. For the spin 3/2 representation, we use
|ψ3/2〉3/2 = |χ12〉1/2 + i|χ22〉1/2 = Q+−1|2〉1/2 + (e1 + e2)J+−1|2〉1/2 , (3.12)
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where we have defined
Q±n = Q
1
n ± iQ2n . (3.13)
We can equally use those obtained by the action of (J−0 )
r with r = 1, 2. The conditions
L1|ψ3/2〉3/2 = Ja1 |ψ3/2〉3/2 = 0 set
e1 + e2 = − w0
ℓ− 1 . (3.14)
Moreover, from Qa1|ψ3/2〉3/2 = 0, we have
w0 = ±i
√
c1(ℓ− 1)(2hℓ+ 8h+ ℓ− 3)
2ℓ(4 + 3ℓ)
. (3.15)
There is no restriction on h at this stage. For the spin 1/2 representation, we use
|ψ1/2〉1/2 = |χ11〉1/2 + i|χ21〉1/2 − |χ32〉1/2 . (3.16)
The conditions L1|ψ1/2〉1/2 = Ja1 |ψ1/2〉1/2 = 0 fix the non-trivial coefficients in terms of
w0, h as
e2 − e1
2
=
(3− 4h)w0
4h(ℓ+ 2)− 3 , e3 =
4(ℓ+ 1)w0
4h(ℓ+ 2)− 3 . (3.17)
From Qa1|ψ1/2〉1/2 = 0, we similarly have
w0 = ±i
√
c1(4h(ℓ+ 2)− 3)(4h(ℓ+ 2)(ℓ+ 4)− ℓ(4ℓ+ 11))
16ℓ (3ℓ2 + ℓ− 4) (4h+ 3ℓ) . (3.18)
In this way, we find that null states can be constructed from a set of primaries when (3.15)
or (3.18) is satisfied. If the both conditions are compatible, then two types of null states
are possible from a set of primaries. Indeed, the two conditions are satisfied for
h =
7− 2ℓ
4(ℓ+ 4)
, h =
−4ℓ2 + 6ℓ− 5
4(ℓ− 4) (3.19)
at the same time. The primary state with the first conformal weight can be realized as a
coset state as seen below.
With the experience for J = 1/2, it is not so difficult to increase J .7 The states |χaj 〉J
can be decomposed into those in the representations with spin J + 1, J, J − 1. For spin
J + 1, we use
|ψJ+1〉J+1 = |χ12J+1〉J + i|χ22J+1〉J . (3.20)
7We have checked the expressions below for J = 1, 3/2, . . . , 3 but it is not difficult to work with other
J .
14
The conditions (3.11) are satisfied by
e2 +
e1
2J
= − w0
ℓ− 2J , w0 = ±i
ℓ− 2J
2J
√
c1(h(ℓ+ 4) + J(−2J + ℓ− 2))
ℓ (3ℓ2 + ℓ− 4) . (3.21)
For spin J , we similarly use
|ψJ〉J = |χ32J+1〉J −
1√
2J
(|χ12J〉J + i|χ22J〉J) , (3.22)
and the primary conditions (3.11) lead to
e2 − e1
2
=
w0 (−h+ J2 + J)
h(ℓ+ 2)− J(J + 1) , e3 =
(ℓ+ 1)w0
h(ℓ+ 2)− J(J + 1) , (3.23)
w0 = ±i
√
c1 (h2(ℓ+ 4)(ℓ+ 2)2 − h(ℓ+ 2)2(2J(J + 1) + ℓ) + J(J + 1)ℓ (J2 + J + ℓ+ 2))
2
√
ℓ (3ℓ2 + ℓ− 4) (h+ J(J + 1)ℓ) .
For spin J − 1, we set
|ψJ−1〉J−1 =|χ12J+1〉J − i|χ22J+1〉J +
2√
2J
|χ32J〉J
− 1√
J(2J − 1)(|χ
1
2J−1〉J + i|χ22J−1〉J) ,
(3.24)
then we find
e2 − e1
2J + 2
= − w0
ℓ+ 2J + 1
,
w0 = ±i(2J + ℓ+ 2)
(2J + 2)
√
c1(2h(ℓ+ 4)− (2J + 2)(2J + ℓ))√
2ℓ (3ℓ2 + ℓ− 4)
(3.25)
as solutions to the primary conditions (3.11).
In this way, we have three types of null states for generic J . However, in general, there
is no h which satisfy all of (3.21), (3.23) and (3.25) simultaneously. Therefore, we have to
give up at least one of them. The maximal number of null state can be obtained if both
of (3.21) and (3.23) are satisfied. This condition leads to
h =
J(3J − ℓ+ 2)
ℓ+ 4
, h =
J (3J2 − 3Jℓ+ J + ℓ2)
J(ℓ+ 4)− ℓ . (3.26)
Setting J = 1/2, this reproduces (3.19). Furthermore, we will see that the state with
the first conformal weight can be realized as a coset state in the spin J representation of
su(2).
We may relax the condition for the maximal number of null states. Instead of (3.21)
and (3.23), we may require that (3.21) and (3.25) are satisfied. Then we find
h =
J(J + 1)(12J(J + 1) + (ℓ− 2)ℓ)
(ℓ+ 4)(4J(J + 1)− ℓ) . (3.27)
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Similarly, the choice of (3.23) and (3.25) leads to
h =
(J + 1)(3J + ℓ+ 1)
ℓ+ 4
, h =
(J + 1) (3J2 + 3(J + 1)ℓ+ 5J + ℓ2 + 2)
J(ℓ+ 4) + 2(ℓ+ 2)
. (3.28)
Currently, we do not have any good interpretations of them.
3.1.2 Null states at level 2
We also consider null states at level 2 for simple examples with J = 0, 1/2. For this, we
use the ansatz
|χj〉J = (L−2 + g1L−1L−1 + g2Qa−2Ja0 + g3Ja−2Ja0 + g4Qa−1L−1Ja0 + g5L−1Ja−1Ja0
+g6Q
a
−1Q
a
−1 + g7Q
a
−1J
a
−1 + g8J
a
−1J
a
−1 + ifabcg9Q
a
−1J
b
−1J
c
0)|j〉J ,
(3.29)
where we have set the state of the form L−2|j〉J + · · · . The states become null if the
non-trivial primary conditions
Lr|χaj 〉J = 0 , Jar |χbj〉J = 0 , Qar |χbj〉J = 0 (3.30)
with r = 1, 2 are satisfied. Since the requirement (3.8) leads to (Ga0 + w0J
a
0 )|j〉J = 0, the
states
Ga−2|j〉J + · · · =
1
2
[Ga0 + w0J
a
0 , L−2]|j〉J + · · · (3.31)
become null if the states (3.29) satisfy the primary conditions (3.30).
For J = 0, the ansatz becomes simplified as
|χa〉J = (L−2 + g1L−1L−1 + g6Qa−1Qa−1 + g7Qa−1Ja−1 + g8Ja−1Ja−1)|j〉J . (3.32)
The primary conditions (3.30) determine the coefficients g1, g6, g7, g8 in terms of h, ℓ.
There are three solutions for the conformal weight h as
h =
1− ℓ
ℓ+ 4
, h =
ℓ+ 1
ℓ+ 4
, h =
1
4
(3ℓ+ 4) . (3.33)
The second solution coincides with the first conformal weight in (3.28) with J = 0. The
state with the last conformal weight behaves as O(ℓ) for large ℓ, and it will be related to
a conical defect geometry of [16] below.
For J = 1/2, the primary conditions (3.30) fix the coefficients gi (i = 1, 2, . . . , 9) in
terms of h, w0, ℓ. Moreover, h and w0 are also determined as
h =
39
4(ℓ+ 4)
− 3
2
, w0 = −i
√
c1(ℓ− 3)2
2
√
ℓ (3ℓ2 + ℓ− 4) . (3.34)
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3.2 Hamiltonian reduction of sl(4)
The degenerate representations of the W-algebra may be examined from those of sl(4)
Wess-Zumino-Novikov-Witten (WZNW) model by applying the Hamiltonian reduction.
As argued in [2], we may study the Hamiltonian reduction by following the procedure of
[30] (see also [31, 32, 33]). It is convenient to use the description of sl(4) WZNW model
as (see (4.6) of [30])
St[φ, g1, g2, γ, γ¯, β, β¯] =S
WZNW
t+2 [g1] + S
WZNW
t+2 [g2] +
1
2π
∫
d2z
[
∂φ∂¯φ− b√gRφ]
+
1
2π
∫
d2z tr(β∂¯γ + β¯∂γ¯ − 1
t
e−2φβ¯g−11 βg2) .
(3.35)
Here γ, γ¯, β, β¯ are 2 × 2 matrix valued fields and b = −i/√2(t+ 4). We consider the
vertex operators of the form
Vα,λ1,λ2 = e
2αbφV
sl(2)
λ1
(g1)V
sl(2)
λ2
(g2) , (3.36)
where λi label the representations of sl(2). The conformal weight of this operator is
h =
C2(λ1)
t + 4
+
C2(λ2)
t+ 4
− b2α(α + 4) . (3.37)
Here C2(λi) is the second Casimir of sl(2) for the representation λi. After the reduction
procedure, the action becomes (see (3.5) of [2])
St[ϕ, g1, g2] =S
WZNW
t+2 [g1] + S
WZNW
t+2 [g1]
+
1
2π
∫
d2z
[
∂ϕ∂¯ϕ+
Qϕ
4
√
gRϕ+ 1
t
tr
(
e−2bϕg−11 g2
)] (3.38)
with
Qϕ = −4b− 1/b . (3.39)
The conformal dimension of the vertex operator (3.36) is
h =
C2(λ1)
t+ 4
+
C2(λ2)
t+ 4
− b2α(α + 4)− α . (3.40)
Thus the shift of conformal dimension is δh = −α.
Next we examine the cases with finite dimensional representations of sl(4). We express
the representation of sl(4) by a Young diagram Λ′ with three integers (λ′1, λ
′
2, λ
′
3). We
also define l′j =
∑3
s=j λ
′
s, where l
′
j counts the number of boxes of Λ
′. With the orthogonal
basis ǫj (j = 1, 2, 3, 4), the highest weight for the representation is
Λ′ =
3∑
j=1
l′jǫj −
|Λ′|
4
4∑
j=1
ǫj (3.41)
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with |Λ′| =∑3j=1 l′j . The second Casimir of sl(4) for the representation Λ′ is
C2(Λ
′) =
1
2
3∑
j=1
(l′j)
2 − |Λ
′|2
4
−
4∑
j=1
jl′j +
5|Λ′|
2
. (3.42)
In order to use the vertex operator in (3.36), we need to rewrite the label in terms of
sl(2)⊕ sl(2)⊕ u(1). We may express the highest weights for the representations as
Λ(1) =
λ1
2
ǫ1 − λ2
2
ǫ2 , Λ
(2) =
λ2
2
ǫ3 − λ2
2
ǫ4 , m¯ =
m
8
(ǫ1 + ǫ2 − ǫ3 − ǫ4) . (3.43)
The relation to the highest weight for sl(4) is
λ′1 = λ1 , λ
′
2 = −
λ1
2
− λ2
2
+
m
4
, λ′3 = λ2 . (3.44)
Using (3.42), the conformal weight for the sl(4) WZNW model is computed as
h =
C2(Λ
′)
t + 4
=
8λ1(λ1 + 2) + 8λ2(λ2 + 2) +m(m+ 16)
32(t+ 4)
. (3.45)
Compared with (3.37), we find α = m/4. Thus, the conformal weight for the W-algebra
is obtained as
h =
8λ1(λ1 + 2) + 8λ2(λ2 + 2) +m(m+ 16)
32(t+ 4)
− m
4
(3.46)
from (3.40). We would like to claim that it is the conformal weight of primary operator
belonging to a degenerate representation of the W-algebra.
Let us examine several examples and compare them with previous results. For this, it
might be convenient to use the level ℓ of sl(2) currents instead of the level t of sl(4). The
relation is t = ℓ/2− 2, see (2.7). We first set
(λ1, λ2, m) = (2J, 0, 4J) , (3.47)
then we find
h =
J(3J − ℓ+ 2)
ℓ+ 4
. (3.48)
This is the first conformal weight in (3.26). Next we set
(λ1, λ2, m) = (2J, 0, 4J + 4) , (3.49)
then the conformal weight becomes
h =
(J + 1)(3J − ℓ + 1)
ℓ+ 4
. (3.50)
This is given by the first equation of (3.33) for J = 0 and (3.34) for J = 1/2.
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We may consider the case with t+ 4 = 2p/q, where p, q are co-prime with each other.
According to [34], the characters of the highest weight with
λ′i = (1− r′i)(t+ 4)− (1− s′i) , 1 ≤ s′i ≤ 2p− 1 , 1 ≤ r′i ≤ q (3.51)
transform with each other under the modular transformation. Thus we may put
λ1 = (1− r′1)(t+ 4)− (1− s′1) ,
λ2 = (1− r′3)(t+ 4)− (1− s′3) ,
m = 2(4− r′1 − 2r′2 − r′3)(t+ 4)− 2(4− s′1 − 2s′2 − s′3)
(3.52)
into the expression of (3.46). For λ1 = λ2 = 0 and m = −4(t+ 4), we find
h =
1
4
(3ℓ+ 4) , (3.53)
which reproduce the last equation of (3.33). More generically, we may set
λ1 = −n1(t+ 4) , λ2 = −n2(t+ 4) , m = 4(1− n3)(t+ 4) (3.54)
with
n1, n2 = 0, 1, 2, . . . , q − 1 , n3 − (n1 + n2)/2 = 1, 2, . . . , q . (3.55)
Then we find
h =
l
8
(
n21 + n
2
2 + 2n
2
3 − 2
)
+
1
2
(
(n1 − 1)n1 + (n2 − 1)n2 + 2(n3 − 1)2
)
. (3.56)
These conformal weights are of order O(ℓ) and the corresponding states may be mapped
to conical defect solutions of [16] for the sl(4) ⊕ sl(4) Chern-Simons gravity as seen in
subsection 3.4.
3.3 Spectrum of the dual coset
We have argued that the rectangular W-algebra can be realized as the symmetry algebra
of the coset (1.1) in subsection 2.3. In this subsection, we compare the results obtained
in the previous subsections to the coset states. The primary states in the coset (1.1) are
labeled by (ΛN+M ; ΛN , m), where ΛL represents the highest weight of su(L) and m ∈ Zκ
is the u(1) charge. The conformal weight of the state (ΛN+M ; ΛN , m) is
h = n+ hN+M,kΛN+M − hN,kΛN − hκm , (3.57)
where n is an integer related how the representations for the denominator are embedded in
those for the numerator, see, e.g., [35]. We express the conformal dimensions of primaries
for su(L)K and u(1)κ as
hL,KΛL =
C2(ΛL)
K + L
, hκm =
m2
2κ
, (3.58)
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respectively. Here C2(ΛL) is the second Casimir of su(L) for the representation ΛL.
As discussed in [5, 36], basic states may be
(f; 0, N)⊗ (¯f; 0,−N) , (0; f,−N −M)⊗ (0; f¯, N +M) , (3.59)
where the holomorphic and anti-holomorphic parts are combined in the charge conjugated
manner. Here we express the fundamental and anti-fundamental representations by f and
f¯, respectively. The conformal weights are given by
h =
k(M(M +N)− 1)−N
2kM(k +M +N)
, h = −−2k
2M − kMN + k +M +N
2k2M + 2kMN
. (3.60)
Using λ = k/(k +N) as in (1.3), we find
h =
M(−kλ + k + λM)− 1
2M(k + λM)
, h =
1
2
(
− λ
k2
− 1
kM
+ λ+ 1
)
. (3.61)
These two expressions are exchanged if we use alternative definition of λ. These states
were proposed to be dual to two complex scalars φj¯i (i = 1, 2), which transform as in
the (anti-)fundamental representation of su(2) in the (anti-)holomorphic sector. A set of
states can be generated by fusing these basic ones, and they are supposed to be dual to
composite bulk fields.
In order to compare with the previous results, we set λ = 2 and M = 2. We can see
that the first expression of (3.61) reduces to (3.19). Generically, we should consider a
state in the spin J representation of su(2). Among those constructed by fusing the basic
states, we consider the states labeled by
((2J, 0, . . . , 0); 0, 2JN) , (3.62)
where ΛN+2 = (2J, 0, . . . , 0) denotes the 2J-th symmetric representation of su(N + 2).
From the formula (3.57) with (3.58), we can compute the conformal weight of the state
as
h =
J(3J − k + 2)
k + 4
. (3.63)
This precisely reproduces the first conformal weight in (3.26) or (3.48).
3.4 Conical defect geometry
In the above analysis, we have found some states with conformal weight of order ℓ. The
parameter ℓ becomes large when the dual gravity is in the classical regime. As in [16,
17, 18, 19], we would like to interpret the states with conformal weight (3.56) in terms of
classical geometry of sl(4) ⊕ sl(4) Chern-Simons gauge theory. Conical defect geometry
was discussed even in the cases with non-principal embedding of sl(2) [16]. We consider
classical solutions expressed as
A = e−ρL0aeρL0dz + dρ , A¯ = eρL0 a¯e−ρL0dz¯ − dρ . (3.64)
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Here (z, z¯, ρ) are the bulk coordinates, a, a¯ are sl(4)-valued constants, and L0 (≡ x) is a
generator of the embedded sl(2).
Non-singular solutions were proposed to be characterized by the trivial condition of
the holonomy matrix exp(
∮
dφ a) with z = φ+ it (φ ∼ φ+2π). After the diagonalization,
we may express a as
a = in1


1
2
0 0 0
0 −1
2
0 0
0 0 0 0
0 0 0 0

 + in2


0 0 0 0
0 0 0 0
0 0 1
2
0
0 0 0 −1
2

+ in3


1
2
0 0 0
0 1
2
0 0
0 0 −1
2
0
0 0 0 −1
2

 . (3.65)
Here, the matrices correspond to the generators t3⊗ (1/2+ t3), t3⊗ (1/2− t3), and 1⊗ t3.
We require that the holonomy matrix exp(
∮
dφ a) becomes a center of SU(4), that is Z4.
This leads to the condition n1, n2 ∈ Z and n3 + (n1 + n2)/2 ∈ Z. Following [16], we
assign the condition such that the matrix a is not degenerate, and this leads to n3 6= 0
and −n1 + n3 6= n2 − n3. Using the symmetry of SU(4), we can set n1 ≥ 0, n2 ≥ 0, and
moreover choose ni to satisfy −n1 + n3 > n2 − n3. With this choice, the parameters ni
now take
n1, n2 = 0, 1, 2, . . . , n3 − (n1 + n2)/2 = 1, 2, . . . . (3.66)
This reproduce (3.55) except for the upper bounds, which are usually not visible from
classical geometry analysis.
The dual conformal weight can be computed as
h =
c
24ǫP
tr(a2) +
c
24
. (3.67)
The central charge c and the normalization constant ǫP are (see [16, 2])
c = 12kCSǫP = −6ℓ , ǫP = 1
12
Mn(n2 − 1) = 1 . (3.68)
Here we considered sl(Mn) withM = n = 2 and used kCS as the level of the Chern-Simons
theory. The level of su(2) currents is ℓ = −nkCS = −2kCS. In summary, we have
h =
ℓ
8
(
n21 + n
2
2 + 2n
2
3 − 2
)
, (3.69)
where ni take values in (3.66). This expression reproduces (3.56) at the leading order in
1/ℓ.
4 N = 2 rectangular W-algebra
In previous sections, we have analyzed the rectangular W-algebra, which appears as the
asymptotic symmetry of higher spin gravity with M ×M matrix valued fields. In order
to relate higher spin gravity to superstring theory, it is important to introduce super-
symmetry. In [20], a holography involving the N = 2 higher spin supergravity of [3] was
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proposed without the matrix extension. The classical asymptotic symmetry of the higher
spin supergravity has been analyzed in [20, 37, 38]. The gauge algebra of the higher spin
supergravity is given by shs[λ], which can be truncated to sl(n+1|n) at λ = −n, see, e.g.,
[39] for some details of shs[λ]. The gauge algebra for the matrix extension is denoted as
shsM [λ] [12, 5], which can be reduced to sl(M(n + 1)|Mn) at λ = −n. The holography
with the extended higher spin supergravity was proposed also in [5].
The Lie superalgebra sl(M(n + 1)|Mn) can be decomposed as
sl(M(n + 1)|Mn) ≃ sl(M)⊗ 1n+1|n ⊕ 1M ⊗ sl(n + 1|n)⊕ sl(M)⊗ sl(n+ 1|n) . (4.1)
The generators of sl(R|S) can be expressed by (R+S)× (R+S) supermatrices, and 1R|S
denotes
1R|S =
(
1R 0
0 0
)
⊕
(
0 0
0 1S
)
. (4.2)
Three dimensional N = 1 supergravity on AdS can be described by osp(1|2) Chern-
Simons gravity [10]. We use the principal embedding of osp(1|2) in 1M ⊗ sl(n + 1|n) as
the supergravity sector. With the action of sl(2) ⊂ osp(1|2), the gauge algebra can be
decomposed as
sl(M(n + 1)|Mn) ≃ sl(M)⊕ sl(M)⊕ u(1)
⊕ 2M2
(
n+1⊕
s=2
g(s−1/2)
)
⊕ 2M2
(
n⊕
s=2
g(s)
)
⊕M2g(n+1) .
(4.3)
After the Hamiltonian reduction, the spectrum consists of two sl(M) currents, one u(1)
current, 2M2 spin s currents with s = 2, 3, . . . , n and M2 spin n + 1 currents. There are
also 2M2 fermionic currents with spin s− 1/2 with s = 2, 3, . . . , n+ 1. One of the spin 2
currents is given by the energy-momentum tensor.
In the next subsection, we compute the central charge c of the algebra and the levels
ℓ1, ℓ2 for the two sets of su(M) currents by applying the method in subsection 2.1. In
subsection 4.2, we compute the OPEs among generators by requiring their associativity.
We work on the simple case with n = 1, where the algebra includes only spin 1, 3/2, 2
generators. In subsection 4.3, we examine the degenerate representations with level 1 null
vectors and primary states in the spin 1/2 representation of su(2). For this, we apply the
method developed in appendix B. In subsection 4.4, we compare the results obtained so
far to those of dual coset (1.4).
4.1 Central charge and levels of the affine symmetries
We start by computing the central charge c of the algebra by applying the formula of
(2.4). The superdimension of sl(M(n + 1)|Mn) is
sdim sl(M(n + 1)|Mn) = M2(n+ 1)2 − 1 +M2n2 − 1 + 1− 2M2n(n + 1)
= M2 − 1 ,
(4.4)
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and the dual Coxeter number is h∨ = M(n + 1) −Mn = M . The norm of x for the
sl(2) ⊂ osp(1|2) is
(x|x) =M ·
[
1
12
(n+ 1)((n+ 1)2 − 1)− 1
12
n(n2 − 1)
]
=
1
4
Mn(n + 1) . (4.5)
There are M2((n+1− j) + (n− j)) sets of fermionic ghost system for j = 1, 2, . . . , n and
2M2(n − l) sets of bosonic ghost system for j = l + 1/2 with l = 0, 1, . . . , n − 1. Using
the formula (2.4), the total central charge is obtained as
c =
t(M2 − 1)
t +M
− 3tMn(n + 1)− 3M2n2 . (4.6)
We then compute the levels ℓ1, ℓ2 for the two su(M) currents. A set of su(M) currents
come from sl(M)⊗1n+1, where 1n+1 corresponds to the identity in sl(n+1) ⊂ sl(n+1|n) ⊂
sl(M(n+ 1)|Mn). Therefore, the ghosts from sl(M(n+1)) ⊂ sl(M(n+1)|Mn) give rise
to the shift of level by Mn(n+1). Similarly, the other set come from sl(M)⊗1n, and the
ghosts from sl(Mn) ⊂ sl(M(n + 1)|Mn) contribute to the shift of level by Mn(n − 1).
There are bosonic ghosts arising from the off-diagonal blocks of sl(M(n+ 1)|Mn), which
transform in the bi-fundamental representation of sl(n+1)⊕ sl(n) and in the trivial and
adjoint representation of sl(M). A set of bosonic ghosts in the adjoint representation of
sl(M) yield the shift of level by −M . Thus the shifts of level are −Mn(n + 1) for the
both sl(M). There are also n fermionic ghost systems of conformal weight (1/2, 1/2) in
the trivial and adjoint representations of sl(M), and the contributions to the levels are
Mn. In total, the levels of two sets of sl(M) currents are
ℓ1 = t(n + 1) +Mn(n + 1)−Mn(n + 1) +Mn = t(n+ 1) +Mn ,
ℓ2 = −tn +Mn(n− 1)−Mn(n + 1) +Mn = −tn−Mn .
(4.7)
Since t plays no role in theN = 2W-algebra, we may remove it using the above expression
of ℓ1. The central charge c and the other level ℓ2 can be written as
c =
ℓ1 (M
2 − 1)−Mn (3ℓ21 + 3ℓ1M +M2 − 1)
ℓ1 +M
, ℓ2 = −n(ℓ1 +M)
n+ 1
(4.8)
in terms of ℓ1.
4.2 OPEs among generators
As explained above, the N = 2 rectangular W-algebra is generated by a u(1) current K,
two sets of su(M) currents Ja, Ka (a = 1, . . . ,M2 − 1) as well as bosonic and fermionic
higher spin currents. The u(1) current satisfies
K(z)K(0) ∼ κK
3z2
, (4.9)
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where the normalization constant κK will be fixed later. The OPEs of su(M) currents
are
Ja(z)J b(0) ∼ ℓ1δ
ab
z2
+
ifabcJ
c(0)
z
, Ka(z)Kb(0) ∼ ℓ2δ
ab
z2
+
ifabcK
c(0)
z
(4.10)
with levels ℓ1, ℓ2. The algebra includes the energy-momentum tensor satisfying
T (z)T (0) ∼ c/2
z4
+
2T (0)
z2
+
T ′(0)
z
(4.11)
with central charge c. For a moment, we do not specify the levels ℓ1, ℓ2 and the central
charge c. We denote the bosonic currents of spin s by W−(s),A (s = 1, 2, . . . , n) and
W+(s),A (s = 2, 3, . . . , n+ 1) with A = (0, a) along with Ja. Here we set
W−(1),0 ≡ K , W−(1),a ≡ Ka , W+(2),0 ≡ T . (4.12)
The fermionic currents of spin s are represented by G±(s),A (s = 3/2, 5/2, . . . , n + 1/2).
We use the basis for these fields primary w.r.t. the Virasoro algebra; that is,
T (z)W±(s),A(0) ∼ sW
±(s),A(0)
z2
+
W±(s),A
′
(0)
z
, T (z)Ja(0) ∼ J
a(0)
z2
+
Ja′(0)
z
,
T (z)G±(s),A(0) ∼ sG
±(s),A(0)
z2
+
G±(s),A
′
(0)
z
. (4.13)
4.2.1 Composite primary operators
We determine the OPEs among generators by requiring the associativity. We only consider
the case with n = 1, where the spin content of the algebra is s = 1, 3/2, 2. Thus, the
operator products produce (composite) operators only up to spin 3, and we list all of the
possible composite operators.
We start by counting the number of independent primary operators. We do this by
decomposing the vacuum character of the N = 2 W-algebra in terms of the Virasoro
characters, see [28] for the case without matrix extension. The vacuum character of the
N = 2 W-algebra is
χN=2,M∞ (q) =
n∏
s=1
∞∏
i=s
[
(1 + qi+1/2)2
(1− qi)(1− qi+1)
]M2 ∞∏
i=1
[
1
1− qi
]M2−1
, (4.14)
and the decomposition is
χN=2,M∞ (q) = χ0(q) +
∞∑
i=2
d(i/2)χi/2(q) . (4.15)
Here the Virasoro characters can be found in (2.14), and d(i/2) counts the number of
independent primary operators with conformal weight i/2. Expanding (4.15) in q, we
find
d(1) = 2M2 − 1 , d(3/2) = 2M2 , d(2) = 2M4 − 1 ,
d(5/2) = 2(2M4 −M2) , d(3) = 2
3
(2M6 + 9M4 − 11M2 + 3)
(4.16)
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with n = 1.
We explicitly construct composite operators primary w.r.t. the Virasoro algebra. With
n = 1, the algebra is generated by spin one currents Ja, Ka, K, spin 3/2 currents G± ≡
G±(3/2),0, G±,a ≡ G±(3/2),a, and spin 2 currents T,Qa ≡ W+(2),a. We use the abbreviated
notation of composite operators as in (2.21). We can see that there are no composite
primary operators for spin 1 and 3/2 currents. We find
[J (aJ b)] , [K(aKb)] , [JaKb] , [KJa] , [KKa] , [KK] (4.17)
for spin 2 currents and
[JaG±] , [KaG±] , [KG±] , [JaG±,b] , [KaG±,b] , [KG±,a] (4.18)
for spin 5/2 currents. The composite spin 3 currents are
[J (aJ bJc)] , [KaJ (bJc)] , [JaK(bKc)] , [K(aKbKc)] , [KJ (aJ b)] ,
[KK(aKb)] , [KJaKb] , [KKJa] , [KKKa] , [KKK] , [KKa′] , [KJa′] ,
[J [aJ b]
′
] , [JaKb
′
] , [K [aKb]
′
] , [JaQb] , [KaQb] , [KQa] ,
[G−G+] , [G±G∓,a] , [G+,aG−,b] , [G±G±,a] , [G±,[aG±,b]] .
(4.19)
We can check that the number of independent primary operators with conformal weight
i/2 matches with d(i/2) in (4.16).
4.2.2 Associativity of OPE
In the following, we mainly consider the cases with M = 2, 3, 4.8 We expand the operator
product Φ(s1)×Φ(s2) by (composite) operators up to spin s1+s2−1, where we collectively
denote the spin s operators by Φ(s). The coefficients depend on the su(M) indices and
we express them by making use of invariant tensors in appendix C.1, which are simplified
for M = 2 as in (2.24), (2.25), (2.26). We start by examining the OPEs of Φ(s1) × Φ(s2)
with the smallest s1 + s2, then move to the cases with larger s1 + s2. The smallest cases
are with s1 = s2 = 1, but we already knew these OPEs as in (4.9) and (4.10).
The simplest non-trivial OPEs are for Φ(1) × Φ(3/2). Examining the associativity of
Φ(1) × Φ(1) × Φ(3/2), we can fix the OPEs uniquely up to the overall normalizations of
currents. For the OPEs involving K, we can set
K(z)G±(0) ∼ ±G
±(0)
z
, K(z)G±,a(0) ∼ ±G
±,a(0)
z
(4.20)
8With M = 2, the OPEs among generators were analyzed by fully making use of the large N = 4
superconformal symmetry [25]. With M > 2, there is no such supersymmetry, and the same method
cannot be applied.
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by properly redefining K. In particular, the above OPEs fix the constant κK in (4.9) as
seen below. The OPEs between Ja, Ka and G± can be regarded as definitions of G±,a,
and our choice is
Ja(z)G±(0) ∼ ±G
±,a(0)
z
, Ka(z)G±(0) ∼ ∓G
±,a(0)
z
. (4.21)
With these definitions, the OPEs among Ja, Ka and G±,a are
Ja(z)G±,a(0) ∼ ± 1
M
δab
G±
z
+
(
i
2
fabc ∓
1
2
dabc
)
G±,a
z
,
Ka(z)G±,a(0) ∼ ∓ 1
M
δab
G±
z
+
(
i
2
fabc ±
1
2
dabc
)
G±,a
z
.
(4.22)
There is an extra freedom to choose the relative sign in front of dabc, and we have chosen
one of them.
We then examine the OPEs of Φ(1) × Qa from the associativity of Φ(1) × Φ(1) × Qa.
The OPEs of Φ(1) ×Qa are schematically written as
Ja ×Qb ∼ δab(a11K + a12[KK])
+ ifabc(a21J
c + a22K
c + a23Q
c + a24[KJ
c] + a25[KK
c])
+ dabc(a31J
c + a32K
c + a33Q
c + a34[KJ
c] + a35[KK
c])
+ Aab4,cd[J
(cJd)] + Aab5,cd[K
(cKd)] + Aab6,cd[J
cKd] ,
Ka ×Qb ∼ δab(b11K + b12[KK]) (4.23)
+ ifabc(b21J
c + b22K
c + b23Q
c + b24[KJ
c] + b25[KK
c])
+ dabc(b31J
c + b32K
c + b33Q
c + b34[KJ
c] + b35[KK
c])
+Bab4,cd[J
(cJd)] +Bab5,cd[K
(cKd)] +Bab6,cd[J
cKd] ,
K ×Qa ∼ k1Ja + k2Ka + k3Qa + k4[KJa] + k5[KKa] + ifabck6[J bKc]
+ dabc(k7[J
(bJc)] + k8[K
(bKc)] + k9[J
bKc])
up to contributions from descendants. As in the bosonic case, we use small letters like
aij for constants without indices and capital ones like Ai for constants with indices. The
coefficients expressed by capital ones can be expanded by invariant tensors as in (2.28).
While restricting the parameters by solving the conditions from associativity of the
OPEs, we may encounter several discrete choices for a23, b23, k3. These values correspond
to the charges of Qa w.r.t. Ja, Ka, K. From the reduction of sl(2M |M), we can see that
26
Qa are charged w.r.t. only one of Ja and Ka and uncharged w.r.t. K. From this, we set
a23 6= 0 and b23 = k3 = 0. Originally we have a symmetry under the exchange of Ja and
Ka, but this choice breaks the symmetry.
Among the parameters used in (4.23), some of them can be removed by redefining
the operators. Using the spin 2 composite primaries in (4.17), we can redefine the spin 2
primary Qa by
Qa →z0Qa + z1[KJa] + z2[KJa] + ifabcz3[J bKc]
+ dabc(z4[J
(bJc)] + z5[K
(bKc)] + z6[J
bKc]) .
(4.24)
Using z1, z2, z4, z5, z6, we can set the parameters a11, b11, a31, a32, b32 to vanish. Moreover,
with z3, we remove one parameter in A
ab
6,cd. There is still one ambiguity from z0, which
corresponds to the overall factor ofQa. With this definition ofQa, the OPEs are drastically
simplified as
Ja(z)Qb(0) ∼ if
ab
cQ
c
z
, Ka(z)Qb(0) ∼ 0 , K(z)Qa(0) ∼ 0 . (4.25)
The OPEs analyzed above has s1 + s2 = 3, but there are other OPEs with the same
s1 + s2, i.e., Φ
(3/2) × Φ(3/2). Our ansatz for the OPEs may be written as
G+ ×G− ∼ c0I + c1K + c2[KK] + c3[JaJa] + c4[KaKa] + c5[JaKa] ,
G+ ×G−,a ∼ d1Ja + d2Ka + d3[KJa] + d4[KKa] + d5Qa + ifabcd6[J bKc]
+ dabc(d7[J
(bJc)] + d8[K
(bKc)] + d9[J
bKc]) ,
G− ×G+,a ∼ e1Ja + e2Ka + e3[KJa] + e4[KKa] + e5Qa + ifabce6[J bKc]
+ dabc(e7[J
(bJc)] + e8[K
(bKc)] + e9[J
bKc]) , (4.26)
G+,a ×G−,b ∼ δab(f0I + f11K + f12[KK])
+ ifabc(f21J
c + f22K
c + f23Q
c + f24[KJ
c] + f25[KK
c])
+ dabc(f31J
c + f32K
c + f33Q
c + f34[KJ
c] + f35[KK
c])
+ F ab4,cd[J
(cJd)] + F ab5,cd[K
(cKd)] + F ab6,cd[J
cKd] .
Here we have an additional ambiguity related to the overall factor of G± along with
that of Qa parametrized by z0 in (4.24). For the corresponding parameters, we set c0, d5
arbitrary. Solving the constraints from the associativity of Φ(1)×Φ(3/2)×Φ(3/2), we express
the parameters only in terms of c0, d5, κK , ℓ1, ℓ2, c.
We could obtain further constraints from the associativity of Φ(3/2) × Φ(3/2) × Φ(3/2).
For this, we generically need the information of Φ(3/2) × Qa as well. However, the OPE
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G+×G− does not involve Qa contrary to the other cases. Therefore, we can examine the
associativity of, say, G− ×G+ ×G−, and we obtain
κK =
3ℓ1ℓ2M
ℓ1 + ℓ2 +M
, c =
(ℓ1 + ℓ2)(M
2 − 1) + 3ℓ1ℓ2M
ℓ1 + ℓ2 +M
. (4.27)
With these values, the OPE G+ ×G− is written as
G+(z)G−(0) ∼ c0
z3
+
3c0
2κK
[
2K
z2
+
2T˜ +K ′
z
]
(4.28)
with
T˜ = T − 1
2(ℓ1 + ℓ2 +M)
((Ja +Ka)(Ja +Ka)) . (4.29)
In order to reduce one more parameter as expected, we need the decoupling condition of,
say, G±(5/2),a for n = 1, which will be incorporated in other OPEs, such as, G+ ×G−,a
Similarly, we examine Φ(3/2) × Qa. From the associativity for Φ(1) × Φ(3/2) × Qa and
Φ(3/2) × Φ(3/2) × Φ(3/2), we express the OPEs of the forms Φ(3/2) × Φ(3/2) and Φ(3/2) ×Qa
in terms of ℓ1 up to the overall factors parameterized by c0, d5. In particular, we obtain
ℓ2 = −1
2
(ℓ1 +M) . (4.30)
We have checked that the central charge c in (4.27) and the above ℓ2 in terms of ℓ1 are
consistent with the expressions in (4.8) for n = 1. For M = 2, 3, we have also examined
the OPEs of Qa × Qa and checked that they are written only in terms of ℓ1 up to the
ambiguities of c0, d5.
4.3 Degenerate representations
In the previous subsection, we have obtained the OPEs among generators at n = 1. With
the information, we examine degenerate representations of the N = 2 W-algebra. For
simplicity, we set M = 2. In subsection 3.1, we have examined degenerate representations
for the bosonic case using commutation relations in terms of mode expansions. Instead of
working with commutation relations, we examine representations mainly by making use
of OPEs as in [40, 28, 41, 42], see also appendix B.
In order to obtain physical intuition, we start by working with mode expansions and
then move to OPE language. The mode expansions of generators are
Ja(z) =
∑
n∈Z
Jan
zn+1
, Ka(z) =
∑
n∈Z
Kan
zn+1
, K(z) =
∑
n∈Z
Kn
zn+1
, G±(z) =
∑
r∈Z+1/2
G±r
zr+3/2
,
G±,a(z) =
∑
r∈Z+1/2
G±,ar
zr+3/2
, T (z) =
∑
n∈Z
Ln
zn+2
, Qa(z) =
∑
n∈Z
Qan
zz+2
. (4.31)
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We introduce states |j〉 with j = 1, 2 primary w.r.t. the N = 2 W-algebra. The zero
modes of the algebra are L0, J
a
0 , K
a
0 , K0, Q
a
0. The first four zero-modes commute with
each other, and the basis are chosen such as to be simultaneous eigenstates as
L0|j〉 = h|j〉 , Ja0 |j〉 = −(ta) ij |i〉 , Ka0 |j〉 = 0 , K|j〉 = q|j〉 . (4.32)
We consider primary states in the spin 1/2 representation of Ja0 and in the trivial repre-
sentation of Ka0 . In terms of the operator Oj corresponding to |j〉, we require the OPEs
T (z)Oj(0) ∼ hOj(0)
z2
+
Oj ′(0)
z
, Ja(z)Oj(0) ∼ −
(ta) ij Oi(0)
z
,
Ka(z)Oj(0) ∼ 0 , K(z)Oj(0) ∼ qOj(0)
z
.
(4.33)
There are another set of zero modes Qa0. Since they do not commute with some other
sets of zero-modes, we cannot take basis to be the eigenstates of Qa0 simultaneously. Even
with this fact, we require
Qa0|j〉 = w0(ta) ij |i〉 (4.34)
as in (3.8) for the bosonic case.
In the N = 2 W-algebra, there are 2M2 (= 8) supercharges, and thus there are 8
superpartners of the primary state |j〉. In a usual N = 2 superconformal field theory, it
is convenient to consider a subsector by assigning the chiral primary condition
G+−1/2|j〉 = 0 . (4.35)
Our N = 2 W-algebra includes a N = 2 superconformal algebra as a subalgebra, but
it is generated by {T˜ , K,G±} with the modified energy-momentum tensor T˜ defined in
(4.29). We assign the chiral primary condition (4.35) as in the usual N = 2 theory. From
〈j|G−1/2G+−1/2|j〉 = 0, we have
2h− 3
2 + k
= q . (4.36)
There is a shift of conformal weight due to the modification of energy-momentum tensor.
We further observe that
G+,a−1/2|j〉 = [Ja0 , G+−1/2]|j〉 = 0 , (4.37)
where we have used the commutation relations read off from (4.21). Therefore, the chiral
primary condition (4.35) reduces the number of superpartners by half, and only the actions
of G−−1/2 and G
−,a
−1/2 produce new states. In terms of OPEs, we introduce corresponding
new operators by
G−(z)Oj(0) ∼ O˜j(0)
z
, G−,a(z)Oj(0) ∼
O˜aj (0)
z
. (4.38)
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The operators O˜j and O˜aj have the conformal dimension h+1/2 and the eigenvalue of K0
as q − 1.
As in the bosonic case, we look for null states of the form Qa−1|j〉+ · · · , which means
that the action of Qa−1 is written in terms of the other modes, such as, J
a
−1, K
a
−1, K−1, L−1.
There could be terms like
G+,a−1/2G
−,b
−1/2|j〉 = {G+,a−1/2, G−,b−1/2}|j〉 , (4.39)
but they can be rewritten in terms of Ja−1, K
a
−1, K−1, L−1. From the form of null states
along with (4.34), we use the ansatz as
Qa(z)Oj(0) ∼ (ta) ij
[
w0Oi(0)
z2
+
w1Oi′(0) + w2(KOi)(0)
z
]
+
w3(J
aOj)(0) + w4(KaOj)(0)
z
+ ifabc(t
b) ij
[
w5(J
cOi)(0) + w6(KcOi)(0)
z
]
.
(4.40)
As argued in [40], the primary conditions for the null vectors are expected to be examined
by the OPE associativity involving Qa × Oj . From the associativity of Φ(1) × Qa × Oj,
we can fix the coefficients except for w0.
In order to fix w0 as well as the conformal weight h, we shall examine the associativity
of Qa × Qb × Oj . Before doing so, we need to examine the OPEs involving O˜j and O˜aj ,
since the operator product Qa × Qb produces composite operators involving G±,A. We
first study the OPEs of the forms Φ(1)× O˜j and Φ(1)×O˜aj by examining the associativity
for Φ(1) × Φ(1) × O˜j , Φ(1) × Φ(1) × O˜aj , and Φ(1) ×G−,a ×Oj . We can fix the OPEs as
Ja(z)O˜j(0) ∼ −
(ta) ij O˜i(0) + O˜aj (0)
z
,
Ja(z)O˜bj(0) ∼
−1
4
δabO˜j(0) + i2fabcO˜cj − (ta) ij O˜bi
z
,
Ka(z)O˜j(0) ∼
O˜aj (0)
z
, Ka(z)O˜bj(0) ∼
1
4
δabO˜j(0) + i2fabcO˜cj(0)
z
.
(4.41)
We next examine the OPEs of
G+ × O˜j , G+ × O˜a,j , G+,a × O˜j , G+,a × O˜b,j , (4.42)
which can be written as linear combinations of
[Oj ] , [KOj ] , [JaOj] , [KaOj ] . (4.43)
We provide our ansatz for these OPEs in appendix C.2. The coefficients can be determined
from the associativity of Φ(1) × Φ(3/2) × O˜j and Φ(1) × Φ(3/2) × O˜aj . Since G+ ×G− does
not generate Qa, we can also utilize the associativity of G+ ×G− ×Oj .
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With the above preparations, we can examine the associativity of Qa ×Qb ×Oj with
the ansatz (4.40). From this, w0 can be fixed as
9
w0 = −c0(2h(ℓ1 + 2) + (ℓ1 − 1)(ℓ1 + 3))
4d7ℓ21(ℓ1 + 2)
, (4.44)
and h should be one of
h =
1− ℓ1
2ℓ1 + 4
, h =
ℓ1 + 5
2ℓ1 + 4
− ℓ1 . (4.45)
These results are quite resemble to those of the bosonic case given in (3.19). We will see
below that the first conformal weight can be realized for a state of the coset (1.4).
4.4 Dual coset CFT
As argued before, the N = 2 W-algebra with su(M) symmetry can be realized as the
asymptotic symmetry of the N = 2 higher spin supergravity of [3] with M ×M matrix
valued fields. On the other hand, it was proposed in [5] that the classical higher spin
sugergravity is dual to the coset (1.4) at a large N limit.10 The central charge of the coset
is
c =M2 + 3MN − 1− M
3 + 3MN2 + 3NM2 −M
k +N +M
. (4.46)
From the holography, we would like to claim that the N = 2 W-algebra can be realized
as the symmetry algebra of the coset (1.4) even with finite N . In the following, we collect
strong evidence supporting for the claim.
The model has the symmetry of two affine su(M) algebras. One of them comes from
su(M)k ⊂ su(N +M)k in the numerator. The other is su(M)N constructed from su(N)
invariant combinations of NM complex fermions from so(2NM)1. We first require ℓ1 = k
and ℓ2 = N . Then the match of the central charge is realized at λ = −n, where the ’t
Hooft parameter is defined as
λ =
N
k +N +M
. (4.47)
We can check that the map of parameters is consistent with the expressions of c and ℓ2
in (4.8). Using the symmetry under the exchange of two su(M) currents, we may require
ℓ1 = N and ℓ2 = k. Then the correspondence happens at λ = −n with
λ =
k
k +N +M
, (4.48)
where N and k are exchanged. Thus, there are two ways to realize the N = 2 W-algebra
in terms of the coset (1.4), and this indicates the existence of duality for the coset (1.4).
We will come back to this point later.
9As in the bosonic case analyzed in appendix B, we have used only a part of conditions coming from
associativity of the OPEs. We believe that every conditions from the associativity are satisfied up to null
vectors with (4.44) and (4.45). However, we have not checked it yet.
10See appendix D.2 for an alternative proposal of dual coset.
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4.4.1 Symmetry generators
As in the bosonic case, we explicitly construct the low spin generators of the N = 2
W-algebra in terms of the coset (1.4). See [23, 24] for the case with M = 2. For this,
we adopt the same notation as in the bosonic case. We decompose su(N +M) in the
numerator as in (2.37). We use the generators tA = (tα, ta, tu(1), t(ρı¯), t(ρ¯i)) with the metric
gAB = tr(tAtB) in (2.38) and the invariant tensors in (2.39) with (2.40). The su(M)
currents JA and the complex fermions (ψ(ρı¯), ψ(ρ¯i)) satisfy (2.41) and
ψ(ρı¯)(z)ψ(ρ¯i)(0) ∼ δ
ρ¯ρδ i¯ı
z
. (4.49)
In order to construct the symmetry generators in terms of coset (1.4), we introduce
su(N)⊕ su(M)⊕ u(1) currents from so(2NM)1 as
Jαf = (ψ
(ρı¯)ψ(σ¯i))(tα)ρσ¯δı¯i , J
a
f = −(ψ(ρı¯)ψ(ρ¯j))(ta)jı¯δρ¯ρ ,
J
u(1)
f = (ψ
(ρı¯)ψ(ρ¯i))δρρ¯δı¯i .
(4.50)
In particular, the currents in the denominator of the coset (1.4) is given by
J˜α = Jα + Jαf , J˜
u(1) =
√
MN(N +M)Ju(1) + (N +M)J
u(1)
f . (4.51)
We start by constructing spin 1 currents in the N = 2 W-algebra. One of them is
simply given by Ja and another is Ka = Jaf defined in (4.50). The other spin 1 current
K is given by a linear combination of Ju(1) and J
u(1)
f and should be regular w.r.t. J˜
u(1) in
(4.51). We identify K by
K =
1
N +M + k
(√
MN(N +M)Ju(1) − kJu(1)f
)
, (4.52)
where the overall normalization is chosen such as to reproduce (4.9). For spin 3/2 currents,
we can construct them from products of ψ(σ¯) and J (ρ¯i) or those of ψ(σ¯j) and J (ρı¯). Taking
care of the properties under the su(M) action, we find
G− = (ψ(ρı¯)J (ρ¯i))δρρ¯δı¯i , G
+ = (J (ρı¯)ψ(ρ¯i))δρρ¯δı¯i ,
G−,a = −(ψ(ρı¯)J (ρ¯j))(ta)jı¯δρρ¯ , G+,a = −(J (ρı¯)ψ(ρ¯j))(ta)jı¯δρρ¯ ,
(4.53)
where the overall factors are set to reproduce the OPEs (4.21) and (4.22). A spin 2 current
is given by the energy-momentum tensor, which can be constructed by the standard
coset construction [29]. For charged spin 2 currents, we require the OPEs (4.25) along
with the condition primary w.r.t. the Virasoro algebra. Starting from all possible linear
combinations of products of spin 1 currents in the coset (1.4), we find the expressions of
Qa as
Qa =[(J (ρı¯)J (ρ¯j)) + (J (ρ¯j)J (ρı¯))]δρρ¯(t
a)jı¯
− N
M + 2k
dabc(J
bJc) +
2
k
√
N(N +M)
M
(JaJu(1)) ,
(4.54)
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which are exactly the same as (2.42) for the bosonic case. This is because we redefined
the spin 2 currents Qa such that the OPEs become the same as the bosonic ones. We
have checked that the OPEs among generators reproduce the previous ones up to null
vectors for several explicit examples.
4.4.2 Spectrum
In the previous subsection, we studied the degenerate representations of the N = 2 W-
algebra, and in particular, we obtained the conformal weights (4.45) of primary states
belonging to degenerate representations. Here we compare the primary states with those
in the coset (1.4). The state can be labeled by (ΛN+M , ω; ΛN , m), where ΛL and m ∈ Zκˆ
denote the highest weight of su(L) and u(1) charge, respectively. Addition to them, we
use ω = −1, 0, 1, 2 for the representation of so(2NM)1. The conformal weight of the state
(ΛN+M , ω; ΛN , m) is
h = n+ hN+M,kΛN+M + h
2NM
ω − hN,k+MΛN − hκˆm , (4.55)
where hL,KΛL and h
κˆ
m were defined in (3.58) and n is an integer related to the embedding
of representations. Moreover, we have introduced h2NMω = ω/4 for ω = 0, 2 and h
2NM
ω =
NM/8 for ω = ±1. As in the bosonic case, we consider the basic states
(f, 0; 0, N)⊗ (¯f, 0; 0,−N) , (0, 0; f,−N −M)⊗ (0, 0; f¯, N +M) , (4.56)
whose conformal weights are
h =
kλM + λ+M2 − 1
2M(k +M)
, h =
−λM(k +M) + 2M(k +M) + λ− 1
2M(k +M)
(4.57)
in terms of the ’t Hooft parameter λ in (4.47). With λ = −n = −1 and M = 2, the first
expression becomes
h =
1− k
2k + 4
. (4.58)
Setting k = ℓ1, this reproduces the first expression in (4.45).
4.4.3 Decompositions of the symmetry algebra
It is possible to learn some properties of the W-algebra by making use of its coset real-
ization. Here we would like to achieve this by decomposing the coset algebra.
As mentioned above, the W-algebra includes the N = 2 superconformal algebra with
the modified energy-momentum tensor (4.29), and this fact was utilized for the analysis
of degenerate representations. We can decompose the symmetry algebra of the coset (1.4)
as
su(N +M)k ⊕ so(2NM)1
su(N)k+M ⊕ u(1)κˆ ⊃
su(N +M)k ⊕ so(2NM)1
su(N)k+M ⊕ su(M)k+N ⊕ u(1)κˆ ⊕ su(M)k+M . (4.59)
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The first term in the right hand side is nothing but the Grassmannian Kazama-Suzuki
model [43, 44]. It is constructed to have the N = 2 superconformal symmetry, and the
energy-momentum tensor is given in (4.29). We may be able to proceed the analysis of
representations furthermore by making use of this decomposition.
In [2], we have explained the duality of the coset (1.1) by utilizing its decomposition,
where the decomposition can be explained in terms of brane junctions [45, 46, 47, 48, 49].
Here we apply the arguments to the N = 2 W-algebra. For this, we decompose the coset
algebra as
su(N +M)k ⊕ so(2NM)1
su(N)k+M ⊕ u(1) ⊃
su(N +M)k
su(N +M − 1)k ⊕ u(1) ⊕ · · · ⊕
su(N + 1)k
su(N)k ⊕ u(1) (4.60)
⊕ su(N)k
su(N)k+1 ⊕ su(N)1 ⊕ · · · ⊕
su(N)k+M−1 ⊕ su(N)1
su(N)k+M ⊕ u(1) ⊕
so(2NM)1 ⊕ (M − 1)u(1)
Msu(N)1
.
The last term in the right hand side consists of free bosons and fermions, which will
be ignored. The each component coset except for the last one is a realization of W∞[λ]
obtained as the Hamiltonian reduction of hs[λ]. The two cosets
su(L)K ⊕ su(L)1
su(L)K+1
,
su(K + 1)L
su(K)L ⊕ u(1) (4.61)
are known to realize the same principal W-algebra as its symmetry [50]. Denoting the
algebra by WL,K , the decomposition (4.60) is rewritten as
su(N +M)k ⊕ so(2NM)1
su(N)k+M ⊕ u(1) ⊃WN+M−1,k ⊕ · · · ⊕WN,k ⊕Wk,N ⊕ · · · ⊕Wk+M−1,N (4.62)
up to free bosons and fermions. For M = 1, the decomposition reduces to the one
discussed for the N = 2 W∞[λ] in [51, 52, 53]. The each W-algebra has the triality
relation [17]. However, the coset (1.4) includes extra symmetry generators which connect
two neighboring component cosets, see [47] for more details. Requiring the existence of
the extra symmetry generators, only Z2 symmetry reversing the order of component cosets
survives for M > 1, see [2] for the bosonic case. This Z2 action exchanges N and k, and
this is consistent with the duality of the coset (1.4).
5 Conclusion and discussions
We studied the rectangular W-algebra with su(M) symmetry, which is obtained as quan-
tum Hamiltonian reduction of sl(Mn). We decompose sl(Mn) as in (1.2) and use the
sl(2) principally embedded in 1M ⊗ sl(n). The algebra can be identified with the asymp-
totic symmetry of 3d higher spin gravity with M ×M matrix valued fields. The matrix
extension is expected to be useful to examine superstring theory from higher spin gravity
including higher Regge trajectories as well. In our previous work [2], we examined the
basic properties of the W-algebras, such as, the spin content, the central charge, and the
level of the su(M) currents. Furthermore, we computed the OPEs among generators with
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n = 2 and claimed that the W-algebra can be realized by the coset (1.1) at λ = n with λ
defined in (1.3). In this paper, we extended the analysis in several ways.
We first reviewed the works in [2] but slightly extended the OPE analysis by working
with n 6= 2 but only among low spin generators and with M = 2. We found that the
OPEs are uniquely fixed by one parameter, say, the level ℓ of su(M) currents. We expect
that there is a family of W-algebra, which may be denoted as WM∞ [ℓ, λ]. The algebra may
be obtained as a Hamiltonian reduction of hsM [λ]. It has two continuous parameters ℓ, λ
with M fixed as the rank of su(M). Our claim here is that the algebra can be truncated
to our rectangular W-algebra at λ = n just as hsM [λ] can be truncated to sl(Mn). This
claim was justified for n = 2 (and M = 2) only, and it is desired to confirm for general n.
We could truncate WM∞ [ℓ, λ] when the corresponding coset (1.1) has integer parameters
k,N , and the truncation should be different from the one at λ = n, see also [12, 24, 25].
It is important to understand the nature of the truncations of WM∞ [ℓ, λ] furthermore.
We then investigated the degenerate representations of the W-algebra but with M =
n = 2. We explicitly constructed null vectors by examining the condition primary
w.r.t. the W-algebra at low levels. One crucial assumption is that primary states are
eigenstates of Qa0 along with L0 and J
a
0 as in (3.8). We would like to see what would
happen if we relax the assumption. We also obtained representations by deducing those
of sl(4). However we have not examined their properties from the viewpoints of the W-
algebra. In particular, we would like to know what kind of null vectors are related to
the representations generically. We then compared the results with the spectrum of the
coset (1.1) and the mass of conical defect geometry of the higher spin gravity constructed
in [16]. In particular, the conformal weights in (3.56) give the information of quantum
corrections to the masses of conical defects, and it is an important problem to reproduce
them from the gravity theory, see [54, 55, 56]. It is also desired to have more systematic
understanding of degenerate representations including generic M and n.
We also examined the N = 2 rectangular W-algebras with su(M) symmetry obtained
as the Hamiltonian reduction of sl(M(n+1)|Mn). Here sl(M(n+1)|Mn) is decomposed
as in (4.1), and the osp(1|2) principally embedded in 1M ⊗ sl(n + 1|n) is used. We first
studied the basis properties of the N = 2 W-algebras, such as, the spin content, the
central charge, and the levels of two sets of su(M) currents. We then fixed the OPEs
among generators with a parameter ℓ1 for the level of a set of su(M) currents but with
the restriction of n = 1. In the case of M = 2, the restriction can be removed as in [25]
by making use of the large N = 4 symmetry. We studied the representations with level 1
null vectors and primary states in the spin 1/2 representation of Ja0 forM = 2. It is worth
while extending the analysis as was done in the bosonic case. In order to see the relation
to superstring theory, it is also important to extend the current analysis by introducing
more extended supersymmetry as in [21, 6, 36, 57].
In this paper, we examined the rectangular W-algebra with su(M) symmetry, but we
can also construct other rectangular W-algebras. There are generalizations of higher spin
(super)gravity by restricting the extra matrix degrees of freedom as in [3], see also [7].
The asymptotic symmetries of these higher spin (super)gravities were given by rectangular
W-algebras with so(M) or sp(2M) symmetry, and the analysis of [2] were applied to these
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algebras in [58]. Without the matrix extensions, higher spin holographies were proposed
in [59, 60] for the bosonic case and in [61] for the N = 1 supersymmetric case. In this
paper, we have extended the analysis of [2] in several ways. It is interesting to apply the
current extensions to the W-algebras with so(M) or sp(2M) symmetry as well.
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A Commutation relations
We consider the rectangular W-algebra with M = n = 2. The algebra is labeled by the
level ℓ of su(2) currents. The central charge of the algebra is (see (2.8))
c = −8(ℓ
2 − 1)
ℓ+ 4
+ 2ℓ− 1 . (A.1)
In terms of mode expansions, generators are Ln, Q
a
n, J
a
n (a = 1, 2, 3) with n ∈ Z. From
the OPEs (2.9), (2.11) and (2.12), we obtain (3.2). With n = 2, the OPEs of Qa × Qb
were obtained in [2] (and reproduced in subsection 2.2 for M = 2). The corresponding
commutation relations can be computed as
[Qam, Q
b
n] = δ
ab
{ c1
12
(m3 −m)δm+n,0 + c2
2
(m− n)Lm+n
}
(A.2)
+ ifabc
{(
−c3
2
(m+ 1)(n+ 1) + c4(m+ n+ 2)(m+ n+ 1)
)
Jcm+n + c5(TJ
c)m+n
}
+
(m− n)
2
(c6d
abcd
4SS1 + c7d
abcd
4SS2)(J(cJd))m+n + c8d
abcd
4AA(J[cJd]
′)m+n + c9d
abcde
5AS (J(cJdJe))m+n .
The coefficients are given by
c2 =
2c1(ℓ+ 1)
c(ℓ+ 2)− 3ℓ , c3 =
c1
2ℓ
,
c4 =
c1(c(ℓ(3ℓ(ℓ+ 3) + 2)− 24)− 5ℓ(3ℓ(3ℓ+ 7)− 16) + 80)
12ℓ (3ℓ2 + ℓ− 4) (c(ℓ+ 2)− 3ℓ) , c5 =
2c1(ℓ+ 1)
ℓ(c(ℓ+ 2)− 3ℓ) ,
c6 =
c1(c− 2ℓ+ 1)
2(ℓ− 1)(c(ℓ+ 2)− 3ℓ) , c7 =
c1
2ℓ− 2ℓ2 , (A.3)
c8 =
c1(−c(ℓ− 2)(ℓ+ 4) + ℓ(27ℓ− 16)− 16)
2ℓ (3ℓ2 + ℓ− 4) (c(ℓ+ 2)− 3ℓ) , c9 =
c1(ℓ(c− 6ℓ+ 1) + 4)
2ℓ (3ℓ2 + ℓ− 4) (c(ℓ+ 2)− 3ℓ)
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and dabcd4AA, d
abcd
4SS1, d
abcd
4SS2, d
abcde
5AS are defined in (2.24) and (2.25). We have used
(TJa)n =
∑
p≤−2
LpJ
a
n−p +
∑
p≥−1
Jan−pLp , (J
(aJ b))n =
∑
p≤−1
J (ap J
b)
n−p +
∑
p≥0
J
(b
n−pJ
a)
p ,
(J [aJ b]′)n =
∑
p≤−1
(p− n− 1)J [ap J b]n−p +
∑
p≥0
(p− n− 1)J [bn−pJa]p ,
(J (aJ bJc))n =
∑
p≤−1,q≤−1
J (ap J
b
qJ
c)
n−p−q +
∑
p≥0,q≤−1
J (bq J
c
n−p−qJ
a)
p
+
∑
p≤−1,q≥0
J (ap J
c
n−p−qJ
b)
q +
∑
p≥0,q≥0
J
(c
n−p−qJ
b
qJ
a)
p
(A.4)
for the mode expansions of composite operators.
B OPEs and null vectors
In subsection 3.1, we examined null states by making use of the commutation relations in
terms of the mode expansions of generators. In this subsection, we develop an alternative
way by applying associativity of the OPEs as in [40, 28, 41, 42]. For simplicity, we focus
on the case where null vectors appear at the level 1 and further set J = 1/2.
We considered primary states satisfying (3.4) and (3.5). We denote the corresponding
operator as Oj and require the OPEs with T and Ja as
T (z)Oj(0) ∼ hOj(0)
z2
+
Oj ′(0)
z
, Ja(z)Oj(0) ∼ −
(ta) ij Oi(0)
z
. (B.1)
We assumed that the primary states satisfy (3.4) and (3.8) under the action of Qan. In
terms of OPE, we use the ansatz as
Qa(z)Oj(0) ∼ w0(ta) ij
(Oi
z2
+
Oi′
hz
)
+ w1
[JaOj ]
z
+ ifabcw2(t
b) ij
[JcOi]
z
. (B.2)
Here we have introduced composite primary operators of conformal weight h+ 1 as
[JaOj ] = (JaOj) + 1
2h
(ta) ij Oi′ . (B.3)
We fix the parameters by requiring associativity of the OPEs. We use the function
“OPEJacobi” incorporated in the Mathematica package “OPEdefs” [27]. Writing a OPE
as
A(z)B(w) =
∑
n≤nmax
[AB]n(w)
(z − w)n , (B.4)
the function checks whether the conditions
[A[BC]p]q = (−1)|A||B|[B[AC]q]p +
∑
l>0
(
q − 1
l − 1
)
[[AB]lC]p+q−l (B.5)
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are satisfied or not for p, q > 0. Here |A| represents the parity of A. It was argued in [62]
that the associativity of A×B×C is satisfied when the function generates zero up to null
vectors. In particular, if the generated operators are proportional to primary operators
with non-vanishing two point functions, then the factors in front of the operators should
be zero.
Requiring the associativity of Ja × Qb × Oj , we obtain conditions for w1 and w2.
Solving the conditions, we rewrite w1 and w2 as
w1 =
2w0(4h+ k − 2)
(k − 1)(4h(k + 2)− 3) , w2 =
(4h− 2)kw0 + w0
(k − 1)(4h(k + 2)− 3) (B.6)
in terms of h and w0. The associativity of Q
a×Qb×Oj leads to constraint equations for h
and w0. The function “OPEJacobi” generates several operators, which should be null in
order to satisfy the associativity. We require that coefficients in front of Oj to vanish, and
these conditions lead to the conformal dimension h as in (3.19). In this way, we reproduce
the previous result by using the OPEs involving the primary operator Oj . There are other
operators generated by “OPEJacobi.” We believe that these extra operators are null, but
we have not checked it yet.
C Technical details on the N = 2 W-algebra
In this appendix, we collect some technical materials used for computations on the N = 2
rectangular W-algebras.
C.1 Invariant tensors
In order to expand operator products in terms of (composite) primary operators, we need
the invariant tensors with several indices. Here we list the invariant tensors used for the
OPE analysis of the N = 2 W-algebra in subsection 4.2. The invariant tensors with 2
and 3 indices are given by (2.10). With 4 indices, we use
dabcd4AA1 = δ
a
[bδ
c
d] , d
abcd
4AA2 = tr(t
[atb]t[ctd]) , dabcd4AA3 = tr(t
[at[ct
b]td]) , (C.1)
dabcd4SS1 = δ
abδcd , dabcd4SS2 = δ
a
(cδ
b
d) , d
abcd
4SS3 = tr(t
(atb)t(ctd)) , dabcd4SS4 = tr(t
(at(ct
b)td)) .
We also use tensors with 5 indices {a, b, c, d, e}. We need tensors which are anti-symmetric
under a↔ b and symmetric under c↔ b↔ c as
dabcde5AS1 = if
ab(cδde) , dabcde5AS2 = tr(t
[atb]t(ctdte)) ,
dabcde5AS3 = tr(t[at
(ctb]t
dte)) , dabcde5AS4 = δ
(c
[a d
de)
b] .
(C.2)
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We further use tensors which are symmetric under c↔ d and anti-symmetric under a↔ b,
c↔ e and d↔ e as
dabcde5AH1 =
i
2
{
fabeδcd − fab(cδd)e} ,
dabcde5AH2 =
1
4
{
2tr(t[atb]t(ctd)te)− (tr(t[atb]t(etd)tc)− tr(t[atb]t(cte)td))} ,
dabcde5AH3 =
1
4
{
2tr(t[atb]t(ctet
d))− tr(t[atb]t(etctd))− tr(t[atb]t(ctdte))
}
,
dabcde5AH4 =
1
4
{
2tr(t[atb]tet(ctd))− tr(t[atb]tct(etd))− tr(t[atb]tdt(cte))} , (C.3)
dabcde5AH5 =
1
4
{
2tr(t[at
(ctb]t
d)te)− tr(t[at(etb]td)tc)− tr(t[at(ctb]te)td)
}
,
dabcde5AH6 =
1
4
{
2tr(t[at
(ctb]tet
d))− tr(t[at(etb]tctd))− tr(t[at(ctb]tdte))
}
,
dabcde5AH7 =
1
4
{
2tr(t[at
etb]t
(ctd))− tr(t[atctb]t(etd))− tr(t[atdtb]t(cte))
}
,
dabcde5AH8 =
1
4
{
2δ e[a d
cd
b] − δ c[ad edb] − δ d[a d ceb]
}
.
C.2 OPEs involving chiral primaries
In subsection 4.3, we have expanded the operator products in (4.42) as linear combinations
of primary operators in (4.43). Here we write down our ansatz explicitly. We have used
the forms
G+(z)O˜j(0) ∼ m1Oj(0)
z2
+
m2Oj ′(0) +m3(KOj)(0)
z
+ (ta) ij
m4(J
aOi)(0) +m5(KaOi)(0)
z
,
G+(z)O˜aj (0) ∼
n1(J
aOj)(0) + n2(KaOj)(0)
z
(C.4)
+ (ta) ij
[
n3Oi(0)
z2
+
n4Oi′(0) + n5(KOi)(0)
z
]
+ ifabc(t
b) ij
n6(J
cOi)(0) + n7(KcOi)(0)
z
.
for the OPEs involving G+. We have set the forms as
G+,a(z)O˜j(0) ∼ o1(J
aOj)(0) + o2(KaOj)(0)
z
+ (ta) ij
[
o3Oi(0)
z2
+
o4Oi′(0) + o5(KOi)(0)
z
]
+ ifabc(t
b) ij
o6(J
cOi)(0) + o7(KcOi)(0)
z
,
G+,a(z)O˜bj(0) ∼ δab
[
p1Oj(0)
z2
+
p2Oj ′(0) + p3(KOj)(0)
z
]
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+ δab(tc)
i
j
[
p4(J
cOi)(0) + p5(KcOi)(0)
z
]
+ ifabc
[
p6(J
cOj)(0) + p7(KcOj)(0)
z
]
(C.5)
+ ifabc(t
c) ij
[
p8Oi(0)
z2
+
p9Oi′(0) + p10(KOi)(0)
z
]
+ (tb) ij
[
p11(J
aOi)(0) + p12(KaOi)(0)
z
]
+ (ta) ij
[
p13(J
bOi)(0) + p14(KbOi)(0)
z
]
for the OPEs involving G+,a.
D Alternative proposals of dual coset CFTs
In [2], we examined a coset description of rectangular W-algebras with su(M) symmetry.
In this appendix, we propose an alternative coset description of the algebra by making
use of superalgebra su(N |M). Rectangular W-algebra obtained from the Hamiltonian
reduction of hsM [λ] can be described by free bosons or fermions at the limit λ → 0 or
λ → 1 as was constructed in [63, 64]. The dual coset should reduce to the same free
system at a large level limit, and this fast was utilized to guess the dual coset in [5], see
also [7]. The coset (1.1) reduces to a free boson system at large k limit. However, we
may use an alternative coset which reduce to a free symplectic fermion system at large k
limit. This is the idea behind the arguments in this appendix. Furthermore, we extend
the analysis by introducing the N = 2 supersymmetry.
D.1 Rectangular W-algebras
Here we propose that the rectangular W-algebra with su(M) symmetry can be realized
by a coset
su(N |M)k
su(N)k ⊕ u(1)κ (D.1)
with κ =MNk(M −N) as an alternative of (1.1). Indeed the symmetry algebra has M2
fields in conformal weights 1, 2, . . . , 2n + 1 for the following reason: The large k limit of
the coset reduces to the subalgebra of NM symplectic fermions that is invariant under
su(N)⊕u(1). This orbifold hasM2 fields of conformal weight 1, 2, . . . , 2n+1 by Theorem
4.4. of [65]. The type of symmetry algebra of the coset at generic level is the same as the
orbifold limit by the theory of [66, 67].
The problem here is to obtain the map of parameters such that the central charge c
and the level ℓ of su(M) currents coincide with each other. For the level of su(M), we
set ℓ = −k. The central charge of the model is
c =
k ((N2 − 1) + (M2 − 1) + 1− 2NM)
k +N −M −
k (N2 − 1)
k +N
− 1 . (D.2)
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Compared with (2.6) and (2.7), the correspondence happens at λ = n with
λ =
k
k +N
, λ = − k
k +N −M . (D.3)
There are two choices, and this implies a duality of the coset (D.1).
We next construct the generators of rectangular W-algebra in terms of the coset (D.1).
The superalgebra su(N |M) can be decomposed as
su(N |M) = su(N)⊕ su(M)⊕ u(1)⊕ (N, M¯)⊕ (N¯,M) , (D.4)
and the generators are denoted as tA = (tα, ta, tu(1), t(ρı¯), t(ρ¯i)). Here tP = (tα, ta, tu(1)) are
Grassmann even and t(ρı¯), t(ρ¯i) are Grassmann odd. We choose the metric gAB = str(tAtB)
as
str(tαtβ) = δαβ , str(tatb) = −δab , str(tu(1)tu(1)) = 1 ,
str(t(ρı¯)t(ρ¯i)) = −str(t(ρ¯i)t(ρı¯)) = δρρ¯δ ı¯i .
(D.5)
We also introduce the structure constants as
ifABC = str([tA, tB]tC) , dABC = str({tA, tB}tC) , (D.6)
where our convention is such that
if (ρı¯)(σ¯j)u(1) =
M +N√
MN(M −N)δ
ı¯jδσ¯ρ , d(ρı¯)(σ¯j)u(1) =
√
M −N
MN
δ ı¯jδσ¯ρ ,
if (ρı¯)(σ¯j)α = d(ρı¯)(σ¯j)α = (tα)σ¯ρδjı¯ , if (ρı¯)(σ¯j)a = −d(ρı¯)(σ¯j)a = δρσ¯(ta)ı¯j
(D.7)
for non-trivial expressions. The su(N |M) affine algebra consists of bosonic currents JP =
(Ja, Jα, Ju(1)) and fermionic currents J (ρı¯), J (ρ¯,i). The OPEs among the su(N |M) currents
are now written as
JP (z)JQ(0) ∼ kg
PQ
z2
+
ifPQRJ
R(0)
z
, J (ρı¯)(z)J (ρ¯i)(0) ∼ kδ
ρρ¯δ ı¯i
z2
+
d
(ρı¯)(ρ¯i)
PJ
P (0)
z
,
JP (z)J (ρı¯)(0) ∼
if
P (ρı¯)
(σ¯)J
(σ¯)
z
, JP (z)J (ρ¯i)(0) ∼
if
P (ρ¯i)
(σ¯j)J
(σ¯j)
z
.
(D.8)
We construct the generators of rectangular W-algebra up to spin 2 using the su(N |M)
currents. The su(M)−k currents are given by J
a. The energy-momentum tensor can be
obtained by the standard coset construction [29]. We find that
Qa =
[
(J (ρı¯)J (ρ¯i))− (J (ρ¯i)J (ρı¯))] δρρ¯(ta)i¯ı
− N
M − 2kd
a
bc(J
bJc)− 2
k
√
N(M −N)
M
(JaJu(1))
(D.9)
satisfy the required OPEs with Ja and T as in (2.12). We have checked that the OPEs
of Qa ×Qb are reproduced for several examples.
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D.2 N = 2 rectangular W-algebras
We would like to consider a similar realization of the N = 2 W-algebra from a coset
su(N |M)k ⊕ sp(2NM)−1/2
su(N)k−M ⊕ u(1)κˆ (D.10)
with κˆ = NM(M −N)(k −M +N). The factor sp(2NM)−1/2 can be described by NM
pairs of symplectic bosons. The central charge of this model is
c =
k ((N2 − 1) + (M2 − 1) + 1− 2NM)
k +N −M −NM −
(k −M) (N2 − 1)
k −M +N − 1 . (D.11)
The symmetry algebra includes su(M)−k ⊂ su(N |M)k and su(M)−N from the symplectic
bosons. Requiring ℓ1 = −k and ℓ2 = −N , we find the match of central charge at λ = −n
with
λ =
N
k +N −M . (D.12)
With the alternative possibility as ℓ1 = −N and ℓ2 = −k, the correspondence is realized
at λ = −n with
λ =
k
k +N −M . (D.13)
Here we have used the expressions (4.7) and (4.6).
We then construct the symmetry generators of the N = 2 W-algebra from the coset
(D.10). We express the factor sp(2NM)−1/2 by symplectic bosons (ϕ
(ρı¯), ϕ(ρ¯i)) satisfying
ϕ(ρı¯)(z)ϕ(ρ¯i)(0) ∼ δ
ρρ¯δ ı¯i
z
. (D.14)
With the symplectic bosons, su(N)⊕ su(M)⊕ u(1) currents can be constructed as
Jαf = −(ϕ(ρı¯)ϕ(σ¯i))(tα)ρσ¯δı¯i , Jaf = (ϕ(ρı¯)ϕ(ρ¯j))(ta)jı¯δρρ¯ ,
J
u(1)
f = (ϕ
(ρı¯)ϕ(ρ¯i))δρρ¯δı¯i .
(D.15)
The currents in the denominator of (D.10) are then given by
J˜α = Jα + Jαf , J˜
u(1) =
√
MN(M −N)Ju(1) + (N −M)Ju(1)f . (D.16)
There are two sets of su(M) currents and one u(1) current in the N = 2 W-algebra.
One of the sets of su(M) currents are Ja and the other are Ka = Jaf in (D.15). The u(1)
current is
K =
1
M −N − k
(√
MN(M −N)Ju(1) − kJu(1)f
)
. (D.17)
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We have
G− = (ϕ(ρı¯)J (ρ¯i))δρρ¯δı¯i , G
+ = (J (ρı¯)ϕ(ρ¯i))δρρ¯δı¯i ,
G−,a = −(ϕ(ρı¯)J (ρ¯j))(ta)jı¯δρρ¯ , G+,a = −(J (ρı¯)ϕ(ρ¯j))(ta)jı¯δρρ¯
(D.18)
for spin 3/2 currents. The normalizations are chosen so as to satisfy (4.20), (4.21) and
(4.22). A spin 2 current is the energy-momentum tensor from the coset construction [29].
We find the charged spin 2 currents
Qa =
[
(J (ρı¯)J (ρ¯i))− (J (ρ¯i)J (ρı¯))] δρρ¯(ta)i¯ı
− N
M − 2kd
a
bc(J
bJc)− 2
k
√
N(M −N)
M
(JaJu(1))
(D.19)
satisfy the required OPEs with spin 1 currents (4.25) as well as the primary condition
w.r.t. the Virasoro algebra. The expression is the same as the bosonic one in (D.9) due to
our convention of Qa. We have checked that the OPEs among generators are reproduced
up to null vectors for several explicit examples.
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